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Grade 8 ® Module 4
Linear Equations

OVERVIEW

In Module 4, students extend what they already know about unit rates and proportional relationships
(6.RP.A.2, 7.RP.A.2) to linear equations and their graphs. Students understand the connections between
proportional relationships, lines, and linear equations in this module (8.EE.B.5, 8.EE.B.6). Also, students learn
to apply the skills they acquired in Grades 6 and 7, with respect to symbolic notation and properties of
equality (6.EE.A.2, 7.EE.A.1, 7.EE.B.4) to transcribe and solve equations in one variable and then in two
variables.

In Topic A, students begin by transcribing written statements using symbolic notation. Then, students write
linear and non-linear expressions leading to linear equations, which are solved using properties of equality
(8.EE.C.7b). Students learn that not every linear equation has a solution. In doing so, students learn how to
transform given equations into simpler forms until an equivalent equation results in a unique solution, no
solution, or infinitely many solutions (8.EE.C.7a). Throughout Topic A, students must write and solve linear
equations in real-world and mathematical situations.

In Topic B, students work with constant speed, a concept learned in Grade 6 (6.RP.A.3), but this time with
proportional relationships related to average speed and constant speed. These relationships are expressed as
linear equations in two variables. Students find solutions to linear equations in two variables, organize them
in a table, and plot the solutions on a coordinate plane (8.EE.C.8a). It is in Topic B that students begin to
investigate the shape of a graph of a linear equation. Students predict that the graph of a linear equation is a
line and select points on and off the line to verify their claim. Also in this topic is the standard form of a linear
equation, ax + by = ¢, and when a # 0 and b # 0, a non-vertical line is produced. Further, whena = 0 or
b = 0, then a vertical or horizontal line is produced.

In Topic C, students know that the slope of a line describes the rate of change of a line. Students first
encounter slope by interpreting the unit rate of a graph (8.EE.B.5). In general, students learn that slope can
be determined using any two distinct points on a line by relying on their understanding of properties of
similar triangles from Module 3 (8.EE.B.6). Students verify this fact by checking the slope using several pairs
of points and comparing their answers. In this topic, students derive y = mx and y = mx + b for linear
equations by examining similar triangles. Students generate graphs of linear equations in two variables first
by completing a table of solutions, then by using information about slope and y-intercept. Once students are
sure that every linear equation graphs as a line and that every line is the graph of a linear equation, students
graph equations using information about x- and y-intercepts. Next, students learn some basic facts about
lines and equations, such as why two lines with the same slope and a common point are the same line, how
to write equations of lines given slope and a point, and how to write an equation given two points. With the
concepts of slope and lines firmly in place, students compare two different proportional relationships
represented by graphs, tables, equations, or descriptions. Finally, students learn that multiple forms of an
equation can define the same line.
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Simultaneous equations and their solutions are the focus of Topic D. Students begin by comparing the
constant speed of two individuals to determine which has greater speed (8.EE.C.8c). Students graph
simultaneous linear equations to find the point of intersection and then verify that the point of intersection is
in fact a solution to each equation in the system (8.EE.C.8a). To motivate the need to solve systems
algebraically, students graph systems of linear equations whose solutions do not have integer coordinates.
Students learn to solve systems of linear equations by substitution and elimination (8.EE.C.8b). Students
understand that a system can have a unique solution, no solution, or infinitely many solutions, as they did
with linear equations in one variable. Finally, students apply their knowledge of systems to solve problems in
real-world contexts, including converting temperatures from Celsius to Fahrenheit.

Optional Topic E is an application of systems of linear equations (8.EE.C.8b). Specifically, this system
generates Pythagorean triples. First, students learn that a Pythagorean triple can be obtained by multiplying
any known triple by a positive integer (8.G.B.7). Then, students are shown the Babylonian method for finding
a triple that requires the understanding and use of a system of linear equations.

Focus Standards

Understand the connections between proportional relationships, lines, and linear equations.

8.EE.B.5 Graph proportional relationships, interpreting the unit rate as the slope of the graph.
Compare two different proportional relationships represented in different ways. For example,
compare a distance-time graph to a distance-time equation to determine which of two moving
objects has greater speed.

8.EE.B.6  Use similar triangles to explain why the slope m is the same between any two distinct points
on a non-vertical line in the coordinate plane; derive the equation y = mx for a line through
the origin and the equation y = mx + b for a line intercepting the vertical axis at b.

Analyze and solve linear equations and pairs of simultaneous linear equations.

8.EE.C.7 Solve linear equations in one variable.

a. Give examples of linear equations in one variable with one solution, infinitely many
solutions, or no solutions. Show which of these possibilities is the case by successively
transforming the given equation into simpler forms, until an equivalent equation of the
formx = a, a = a, ora = b results (where a and b are different numbers).

b. Solve linear equations with rational number coefficients, including equations whose
solutions require expanding expressions using the distributive property and collecting like
terms.

8.EE.C.8 Analyze and solve pairs of simultaneous linear equations.

a. Understand that solutions to a system of two linear equations in two variables
correspond to points of intersection of their graphs, because points of intersection satisfy
both equations simultaneously.
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Solve systems of two linear equations in two variables algebraically, and estimate
solutions by graphing the equations. Solve simple cases by inspection. For example,

3x + 2y = 5and 3x + 2y = 6 have no solution because 3x + 2y cannot simultaneously
be 5 and 6.

Solve real-world and mathematical problems leading to two linear equations in two
variables. For example, given coordinates for two pairs of points, determine whether the
line through the first pair of points intersects the line through the second pair.

Foundational Standards

Understand ratio concepts and use ratio reasoning to solve problems.

6.RP.A.2 Understand the concept of a unit rate a/b associated with a ratio a: b with b # 0, and use
rate language in the context of a ratio relationship. For example, “This recipe has a ratio of 3
cups of flour to 4 cups of sugar, so there is 3 /4 cup of flour for each cup of sugar.” “We paid

6.RP.A.3

$75 for 15 hamburgers, which is a rate of $5 per hamburger.

”2

Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by
reasoning about tables of equivalent ratios, tape diagrams, double number line diagrams, or
equations.

a.

Make tables of equivalent ratios relating quantities with whole-number measurements,
find missing values in the tables, and plot the pairs of values on the coordinate plane.
Use tables to compare ratios.

Solve unit rate problems including those involving unit pricing and constant speed. For
example, if it took 7 hours to 4 lawns, then at that rate, how many lawns could be mowed
in 35 hours? At what rate were lawns being mowed?

Apply and extend previous understandings of arithmetic to algebraic expressions.

6.EE.A.2

Write, read, and evaluate expressions in which letters stand for numbers.

a.

Write expressions that record operations with numbers and with letters standing for
numbers. For example, express the calculation “Subtract y from 5” as 5 — y.

Identify parts of an expression using mathematical terms (sum, term, product, factor,
quotient, coefficient); view one or more parts of an expression as a single entity. For
example, describe the expression 2(8 + 7) as a product of two factors; view (8 + 7) as
both a single entity and a sum of two terms.

2 Expectations for unit rates in this grade are limited to non-complex fractions.
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c. Evaluate expression at specific values of their variables. Include expressions that arise
from formulas used in real-world problems. Perform arithmetic operations, including
those involving whole-number exponents, in the conventional order when there are no
parentheses to specify a particular order (Order of Operations). For example, use the
formulas V = s3 and A = 6s?to find the volume and surface area of a cube with side
length s = 1/2.

Analyze proportional relationships and use them to solve real-world and mathematical
problems.

7.RP.A.2 Recognize and represent proportional relationships between quantities.

a. Decide whether two quantities are in a proportional relationship, e.g., by testing for
equivalent ratios in a table or graphing on a coordinate plane and observing whether the
graph is a straight line through the origin.

b. Identify the constant of proportionality (unit rate) in tables, graphs, equations, diagrams,
and verbal descriptions of proportional relationships.

c. Represent proportional relationships by equations. For example, if total cost t is
proportional to the number n of items purchased at a constant price p, the relationship
between the total cost and the number of items can be expressed as t = pn.

d. Explain what a point (x, y) on the graph of a proportional relationship means in terms of
the situation, with special attention to the points (0, 0) and (1, r) where r is the unit
rate.

Use properties of operations to generate equivalent expressions.

7.EE.A.1  Apply properties of operations as strategies to add, subtract, factor and expand linear
expressions with rational coefficients.

Solve real-life and mathematical problems using numerical and algebraic expressions and
equations.

7.EE.B.4 Use variables to represent quantities in a real-world or mathematical problem, and construct
simple equations and inequalities to solve problems by reasoning about the quantities.

a. Solve word problems leading to equations of the formpx + g =randp(x +q) =,
where p, g and 1 are specific rational numbers. Solve equations of these forms fluently.
Compare an algebraic solution to an arithmetic solution, identifying the sequence of the
operations used in each approach. For example, the perimeter of a rectangle is 54 cm. Its
length is 6 cm. What is its width?
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Focus Standards for Mathematical Practice

MP.1 Make sense of problems and persevere in solving them. Students analyze given constraints
to make conjectures about the form and meaning of a solution to a given situation in one-
variable and two-variable linear equations, as well as in simultaneous linear equations.
Students are systematically guided to understand the meaning of a linear equation in one
variable, the natural occurrence of linear equations in two variables with respect to
proportional relationships, and the natural emergence of a system of two linear equations
when looking at related, continuous proportional relationships.

MP.2 Reason abstractly and quantitatively. Students decontextualize and contextualize
throughout the module as they represent situations symbolically and make sense of solutions
within a context. Students use facts learned about rational numbers in previous grade levels
to solve linear equations and systems of linear equations.

MP.3 Construct viable arguments and critique the reasoning of others. Students use assumptions,
definitions, and previously established facts throughout the module as they solve linear
equations. Students make conjectures about the graph of a linear equation being a line, then
proceed to prove this claim. While solving linear equations, they learn that they must first
assume that a solution exists, then proceed to solve the equation using properties of equality
based on the assumption. Once a solution is found, students justify that it is in fact a solution
to the given equation, thereby verifying their initial assumption. This process is repeated for
systems of linear equations.

MP.4 Model with mathematics. Throughout the module, students represent real-world situations
symbolically. Students identify important quantities from a context and represent the
relationship in the form of an equation, a table, and a graph. Students analyze the various
representations and draw conclusions and/or make predictions. Once a solution or prediction
has been made, students reflect on whether the solution makes sense in the context
presented. One example of this is when students determine how many buses are needed for
a field trip. Students must interpret their fractional solution and make sense of it as it applies
to the real world.

MP.7 Look for and make use of structure. Students use the structure of an equation to make sense
of the information in the equation. For example, students write equations that represent the
constant rate of motion for a person walking. In doing so, they interpret an equation such as

3 . . . 3
y=;xas the total distance a person walks, y, in x amount of time, at a rate of . Students
look for patterns or structure in tables and show that a rate is constant.
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Terminology

New or Recently Introduced Terms

= Slope (Slope is a number that describes the v
“steepness” or “slant” of a line. It is the constant rate
of change. Example: The slope, m, of the graph of line

[ to the rightism = %.) i l

1 fl—3
slope of | = =

= Solution to a System of Linear Equations (The solution to a system of linear equations is a pair of
numbers from the domain of the variables that, when each number from the pair is substituted into
all instances of its corresponding variable, makes the equation a true number sentence. Example:
. . . x+y=15 | . (103 47
The solution to the system of linear equations Y is the ordered pair (—,—) because
3x—=7y=-2 10 " 10
the ordered pair is a solution to each linear equation of the system, and it is the point on the plane
where the graphs of the two equations intersect.)
= System of Linear Equations (A system of linear equations, also referred to as simultaneous linear
x+y=15

equations, is the set of at least two linear equations. Example: {Bx 7y =—

2 is a system of linear

equations.)

Familiar Terms and Symbols3

= Coefficient

= Equation

= Like terms

= Linear Expression
= Solution

= Term

= Unitrate

=  Variable

3 These are terms and symbols students have seen previously.
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Suggested Tools and Representations

= Scientific calculator
= Online graphing calculator (for example: https://www.desmos.com/calculator)

= Graph paper
= Straight-edge

Assessment Summary

Assessment Type Administered Format Standards Addressed
Mid-Module After Topic B Constructed response with rubric 8.EE.C.7, 8.EE.B.5
Assessment Task

End-of-Module . . . 8.EE.B.5, 8.EE.B.6,
Assessment Task After Topic D Constructed response with rubric 8.EE.C.7  8.EE.C.8
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Mathematics Curriculum

GRADE

GRADE 8 « MODULE 4

Topic A:
Writing and Solving Linear Equations

8.EE.C.7

Focus Standard: 8.EE.C.7 Solve linear equations in one variable.

a. Give examples of linear equations in one variable with one solution,
infinitely many solutions, or no solutions. Show which of these
possibilities is the case by successively transforming the given equation
into simpler forms, until an equivalent equation of the form x = q,

a = a, or a = b result (where a and b are different numbers).

b. Solve linear equations with rational number coefficients, including
equations whose solutions require expanding expressions using the
distributive property and collecting like terms.

Instructional Days: 9
Lesson 1: Writing Equations Using Symbols (P)!
Lesson 2: Linear and Nonlinear Expressions in x (P)
Lesson 3: Linear Equationsin x (P)
Lesson 4: Solving a Linear Equation (P)
Lesson 5: Writing and Solving Linear Equations (P)
Lesson 6: Solutions of a Linear Equation (P)
Lesson 7: Classification of Solutions (S)
Lesson 8: Linear Equations in Disguise (P)

Lesson 9: An Application of Linear Equations (S)

In Lesson 1, students begin by transcribing written statements into symbolic language. Students learn that

before they can write a symbolic statement, they must first define the symbols they intend to use. In Lesson
2, students learn the difference between linear expressions in x and nonlinear expressions in x, a distinction
that is necessary to know whether or not an equation can be solved (at this point). Also, Lesson 2 contains a

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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quick review of terms related to linear equations, such as constant, term, and coefficient. In Lesson 3,
students learn that a linear equation in x is a statement of equality between two linear expressions in x.
Students also learn that an equation that contains a variable really is a question: Is there a value of x that
makes the linear equation true? In Lesson 4, students begin using properties of equality to rewrite linear
expressions, specifically using the distributive property to “combine like terms.” Further, students practice
substituting numbers into equations to determine if a true number sentence is produced.

In Lesson 5, students practice the skills of the first few lessons in a geometric context. Students transcribe
written statements about angles and triangles into symbolic language and use properties of equality to begin
solving equations (8.EE.C.7b). More work on solving equations occurs in Lesson 6, where the equations are
more complicated and require more steps to solve (8.EE.C.7b). In Lesson 6, students learn that not every
linear equation has a solution (8.EE.C.7a). This leads to Lesson 7, where students learn that linear equations
either have a unique solution, no solution, or infinitely many solutions (8.EE.C.7a). In Lesson 8, students
rewrite equations that are not obviously linear equations, then solve them (8.EE.C.7b). Finally, in Lesson 9,
students take another look at the Facebook problem from Module 1 in terms of linear equations (8.EE.C.7a).
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Lesson 1: Writing Equations Using Symbols

Student Outcomes
= Students write mathematical statements using symbols to represent numbers.

=  Students know that written statements can be written as more than one correct mathematical sentence.

Lesson Notes

The content of this lesson will continue to develop the skills and concepts presented in Grades 6 and 7. Specifically, this
lesson builds on both 6.EE.B.7 (Solve real-world and mathematical problems by writing and solving equations of the form
x +p = q and px = q) and 7.EE.B.4 (Solve word problems leading to equations of the form px + g = r and

p(x+q) =r1).

Classwork
Discussion (4 minutes)

Show students the text of a mathematical statement compared to the equation.

The number 1,157 is the sum of the squares of

two consecutive odd integers divided by the x4+ (x + 2)?
difference between the two consecutive odd 1157 = (x+2)—x
integers.

Ask students to write or share aloud (a) how these two are related, (b) which representation they prefer, and (c) why.
Then, continue with the discussion that follows.
= Using letters to represent numbers in mathematical statements was introduced by René Descartes in the
1600s. In that era, people used only words to describe mathematical statements. Use of letters, or symbols, to
represent numbers not only brought clarity to mathematical statements, it also expanded the horizons of
mathematics.
=  The reason we want to learn how to write a mathematical statement using symbols is to save time and labor.
Imagine having to write the sentence: “The number 1,157 is the sum of the squares of two consecutive odd
integers divided by the difference between the two consecutive odd integers.” Then, imagine having to write
the subsequent sentences necessary to solve it; compare that to the following:
Let x represent the first odd integer. Then,
x4+ (x + 2)?
(x+2)—x"
=  Notice that x is just a number. That means the square of x is also a number, along with the square of the next
odd integer and the difference between the numbers. This is a symbolic statement about numbers.

1,157 =

= Writing in symbols is simpler than writing in words, as long as everyone involved is clear about what the
symbols mean. This lesson focuses on accurately transcribing written statements into mathematical symbols.
When we write mathematical statements using letters, we say we are using symbolic language.

EUREKA Lesson 1: Writing Equations Using Symbols
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= All of the mathematical statements in this lesson are equations. Recall that an equation is a statement of
equality between two expressions. Developing equations from written statements forms an important basis for
problem solving and is one of the most vital parts of algebra. Throughout this module, there will be work with
written statements and symbolic language. Students work first with simple expressions, then with equations
that gradually increase in complexity, and finally with systems of equations (more than one equation at a time).

Example 1 (3 minutes)

Throughout Example 1, have students write their thoughts on personal white boards or a similar tool and show you their
transcription(s).

Scaffolding:

=  We want to express the following statement using symbolic language: A whole .
W xp wing using sy ! guag W Alternative statement:

number has the property that when the square of half the number is subtracted

from five times the number, we get the number itself. * Awhole number has the

property that when half

= Do the first step, and hold up your white board. the number is added to

o First, we define the variable. Let x be the whole number. 15, we get the number
= Using x to represent the whole number, write “the square of half the number.” itself.
1
x\2 1 \? x2 1 5 = —x+15=x
o - st - - 2
() or (Gx) or (%) or (5*)

Ask students to write their expression in more than one way. Then, have students share their expressions of “the square
of half the number.” Elicit the above responses from students (or provide them). Ask students why they are all correct.

= Write the entire statement: A whole number has the property that when the square of half the number is
subtracted from five times the number, we get the number itself.

o 5x—(5)2=x

2

Challenge students to write this equation in another form. Engage in a conversation about why they are both correct.
For example, when a number is subtracted from itself, the difference is zero. For that reason, the equation above can be

2
written as 5x — G) —x=0.

Example 2 (4 minutes)

Throughout Example 2, have students write their thoughts on personal white boards or a similar tool and show you their
transcription(s).

=  We want to express the following statement using symbolic language: Paulo has Scaffolding:
a certain amount of money. If he spends $6.00, then he has i of the original You may need to remind
amount left. students that we do not have

to put the multiplication
symbol between a number and

a symbol. Itis not wrong if we
@ We need to define our variables; that is, we must decide what symbol to include it, but by convention (a

use and state what it is going to represent. common agreement), it is not

= What is the first thing that must be done before we express this situation using
symbols?

necessary.

EUREKA Lesson 1: Writing Equations Using Symbols 13
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= Suppose we decide to use the symbol x. We will let x be the number of dollars Paulo had originally. How do
we show Paulo’s spending $6.00 using symbols?

o To show that Paulo spent $6.00, we write x — 6.

1 ..
= How do we express: “he has " of the original amount”?

o We can express it as %x.
= Put the parts together to express the following: “Paulo has a certain amount of money. If he spends $6.00,
then he has % of the original amount left.” Use x to represent the amount of money Paulo had originally.
o x—6=-x
4

Challenge students to write this equation in another form. Engage in a conversation about why they are both correct.
For example, students may decide to show that the six dollars plus what he has left is equal to the amount of money he

1
now has. In symbols, x = 2X + 6.

Example 3 (8 minutes)

Throughout Example 3, have students write their thoughts on personal white boards or a similar tool and show you their
transcription(s).

=  We want to write the following statement using symbolic language: When a fraction of 57 is taken away from

57, what remains exceeds % of 57 by 4.
Scaffolding:

= The first step is to clearly state what we want our symbol to represent. If we )
Alternative statement:

choose the letter x, then we would say, “Let x be the fraction of 57” because that
is the number that is unknown to us in the written statement. It is acceptable to = When a number is taken
use any letter to represent the unknown number; but regardless of which letter away from 57, what

we use to symbolize the unknown number, we must clearly state what it means. remains is four more than

This is called defining our variables. 5 times the number.

=  The hardest part of transcription is figuring out exactly how to write the " S7-x=5x+4

statement so that it is accurately represented in symbols. Begin with the first

part of the statement: “When a fraction of 57 is taken away from 57,” how can Scaffolding:
we capture that information in symbols? If students have a hard time
®  Students should write 57 — x. thinking about these

transcriptions, give them

2
ite 2 ?
" How do we write 3 of 571 something easier to think

o [f we are trying to findE of 57, then we multiplyZ - 57. about. One number, say 10,
3 5 3 exceeds another number, say
=  Would it be accurate to write 57 — x = 3 57? 6, by 4. Is it accurate to
. 2 represent this by:
o No, because we are told that “what remains exceeds 3 of 57 by 4.”
10—4 =67
“ . 2 ” .
= Where does the 4 belong? “What remains exceeds 3 of 57 by 4.” Think about 10 = 6 + 4?
what the word exceeds means in the context of the problem. Specifically, which 10 — 6 = 42

is bigger: 57 — x or %of 57? How do you know?

o 57 — xis bigger because 57 — x exceeds% of 57 by 4. That means that 57 — x is 4 more than % of 57.

EUREKA Lesson 1: Writing Equations Using Symbols »
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=  We know that 57 — x is bigger than § 57 by 4. What would make the two numbers equal?

@ We either have to subtract 4 from 57 — x, or add 4 to § - 57 to make them equal.

2

= Now, if x is the fraction of 57, then we could write (57 — x) — 4 = 3

correct?

57, or 57—x=§-57+4. Which is

o Both transcriptions are correct because both express the written statement accurately.

= Consider this transcription (57 — x) — 3 57 = 4. Isit an accurate transcription of the information in the

written statement?

o Yes, because 57 — x is bigger than § - 57 by 4. That means that the difference between the two

numbers is 4. If we subtract the smaller number from the bigger number, we have a difference of 4,

and that is what this version of the transcription shows.

Example 4 (4 minutes)

Throughout Example 4, have students write their thoughts on personal white boards or a
similar tool and show you their transcription(s).

= We want to express the following statement using symbolic language: The sum
of three consecutive integers is 372.

= Do the first step, and hold up your white board.
o Let x be the first integer.

= |f we let x represent the first integer, what do we need to do to get the next
consecutive integer?

o If x is the first integer, we add 1 to x to get the next integer.

Scaffolding:

Explain that consecutive means
one after the next. For
example, 18, 19, and 20 are
consecutive integers. Consider
giving students a number and
asking them what the next
consecutive integer would be.

= Insymbols, the next integer would be x + 1. What do we need to do now to get the next consecutive integer?

o We need to add 1 to that integer, or x + 1 + 1; this is the same as x + 2.

=  Now express the statement: The sum of three consecutive integers is 372.
v x+x+1+x+2=372

Students may also choose to rewrite the above equation as 3x + 3 = 372. Transforming equations such as this will be a
focus of the next few lessons when students begin to solve linear equations. Ask students why both equations are

correct.

Example 5 (3 minutes)

Throughout Example 5, have students write their thoughts on personal white boards or a
similar tool and show you their transcription(s).

= We want to express the following statement using symbolic language: The sum
of three consecutive odd integers is 93.
= Do the first step, and hold up your white board.
o Let x be the first odd integer.

Lesson 1: Writing Equations Using Symbols
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= |f we let x represent the first odd integer, what do we need to do to get the next odd integer?
o [fx is the first odd integer, we add 2 to x to get the next odd integer.

= |nsymbols, the next odd integer would be x + 2. What do we need to do now to get the next odd integer?
o We need to add 2 to that odd integer, or x + 2 + 2, this is the same as x + 4.

=  Now express the statement: The sum of three consecutive odd integers is 93.
° x+x+2+x+4=093

= Represent the statement “The sum of three consecutive odd integers is 93” in another way. Be prepared to
explain why both are correct.

= Answers will vary. Accept any correct answers and justifications. For example, students may write
(x + x + x) + 6 = 93 and state that it is equivalent to the equation x + x + 2 + x + 4 = 93. Because
the associative and commutative properties of addition were applied, those properties do not change
the value of an expression.

Exercises 1-5 (10 minutes)

Students complete Exercises 1-5 independently or in pairs.

Exercises
Write each of the following statements using symbolic language.
1. The sum of four consecutive even integers is —28.

Let x be the first even integer. Then, x + x+2 +x+4+x+ 6 = —28.

2. A number is four times larger than the square of half the number.

x 2
Let x be the number. Then, x = 4 (i) .

3.  Steven has some money. If he spends $9. 00, then he will have % of the amount he started with.

Let x be the amount of money (in dollars) Steven started with. Then, x — 9 = %x.

4. The sum of a number squared and three less than twice the number is 129.

Let x be the number. Then, x* + 2x — 3 = 129.

5.  Miriam read a book with an unknown number of pages. The first week, she read five less than % of the pages. The

second week, she read 171 more pages and finished the book. Write an equation that represents the total number
of pages in the book.

Let x be the total number of pages in the book. Then, %x -5+171=x.

EUREKA Lesson 1: Writing Equations Using Symbols 6
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Closing (4 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

=  We know how to write mathematical statements using symbolic language.
= Written mathematical statements can be represented as more than one correct symbolic statement.
=  We must always begin writing a symbolic statement by defining our symbols (variables).

=  Complicated statements should be broken into parts or attempted with simple numbers to make the
representation in symbolic notation easier.

Lesson Summary
Begin all word problems by defining your variables. State clearly what you want each symbol to represent.
Written mathematical statements can be represented as more than one correct symbolic statement.

Break complicated problems into smaller parts, or try working them with simpler numbers.

Exit Ticket (5 minutes)

EUREKA Lesson 1: Writing Equations Using Symbols
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Name Date

Lesson 1: Writing Equations Using Symbols

Exit Ticket

Write each of the following statements using symbolic language.

1. When you square five times a number, you get three more than the number.

2.  Monica had some cookies. She gave seven to her sister. Then, she divided the remainder into two halves, and she
still had five cookies left.

EUREKA Lesson 1: Writing Equations Using Symbols
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Exit Ticket Sample Solutions

1.

2.

Write each of the following statements using symbolic language.

When you square five times a number, you get three more than the number.

Let x be the number. Then, (5x)* = x + 3.

Monica had some cookies. She gave seven to her sister. Then, she divided the remainder into two halves, and she
still had five cookies.

Let x be the original amount of cookies. Then, %(x —-7)=5.

Problem Set Sample Solutions

Students practice transcribing written statements into symbolic language.

1.

Write each of the following statements using symbolic language.

Bruce bought two books. One book costs $4. 00 more than three times the other. Together, the two books cost
him $72.

Let x be the cost of the less expensive book. Then, x +4 + 3x = 72.

Janet is three years older than her sister Julie. Janet’s brother is eight years younger than their sister Julie. The sum
of all of their ages is 55 years.

Let x be Julie’s age. Then, (x + 3) + (x — 8) + x = 55.

The sum of three consecutive integersis 1,623.

Let x be the first integer. Then, x + (x + 1) + (x + 2) = 1,623.

One number is six more than another number. The sum of their squares is 90.

Let x be the smaller number. Then, x* + (x + 6)* = 90.

When you add 18 to % of a number, you get the number itself.

Let x be the number. Then, %x +18 = x.

When a fraction of 12 is taken away from 17, what remains exceeds one-third of seventeen by six.

Let x be the fraction of 12. Then, 17 — x = % -17 + 6.

The sum of two consecutive even integers divided by four is 189. 5.

x+(x+2)
Let x be the first even integer. Then, e - 189.5.

EUREKA Lesson 1: Writing Equations Using Symbols
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8.  Subtract seven more than twice a number from the square of one-third of the number to get zero.
1 1\2
Let x be the number. Then, (§ x) - 2x+7)=0.

9. The sum of three consecutive integers is 42. Let x be the middle of the three integers. Transcribe the statement
accordingly.

x—D+x+x+1) =42

EUREKA Lesson 1: Writing Equations Using Symbols 20
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS

Lesson 2 m 0

Lesson 2: Linear and Nonlinear Expressions in x

Student Outcomes
=  Students know the properties of linear and nonlinear expressions in x.

=  Students transcribe and identify expressions as linear or nonlinear.

Classwork
Discussion (4 minutes)
=  Asymbolic statement in x with an equal sign is called an equation in x. The equal sign divides the equation
into two parts, the left side and the right side. The two sides are called expressions.

= For sake of simplicity, we will only discuss expressions in x, but know that we can write expressions in any
symbol.

= The following chart contains both linear and nonlinear expressions in x. Sort them into two groups and be
prepared to explain what is different about the two groups.

7
5x + 3 —8x+§—3 9 —x?
2 X 3
4x2 -9 0.31x + 7 — 4.2x (E) +1
11(x + 2) —(6—x)+15—-9x 7+x*+3x
Linear expressions are noted in red in the table below.
7
5x+3 —8x+§—3 9 — x?
X 3
2 - 0.31 7—4.2 —
4x 9 x + X (2) +1
11(x +2) —(6—x)+15—9x 7+x*+3x

= |dentify which equations you placed in each group. Explain your reasoning for grouping the equations.

o Equations that contained an exponent of x other than 1 were put into one group. The other equations
were put into another group. That seemed to be the only difference between the types of equations
given.

= Linear expressions in x are special types of expressions. Linear expressions are expressions that are sums of
constants and products of a constant and x raised to a power of 0, which simplifies to a value of 1, or a power
of 1. Nonlinear expressions are also sums of constants and products of a constant and a power of x. However,
nonlinear expressions will have a power of x that is not equal to 1 or 0.

=  The reason we want to be able to distinguish linear expressions from nonlinear expressions is because we will
soon be solving linear equations. Nonlinear equations will be a set of equations you learn to solve in Algebra |,
though we will begin to solve simple nonlinear equations later this year (Module 7). We also want to be able
to recognize linear equations in order to predict the shape of their graph, which is a concept we will learn
more about later in this module.
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MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 2 m 6

Example 1 (3 minutes) Scaffolding:
= Alinear expression in x is an expression where each term is either a constant or = Terms are any product of
a product of a constant and x. For example, the expression (57 — x) is a linear an integer power of x and
expression. However, the expression 2x2 + 9x + 5 is not a linear expression. a constant, or just a

Why is 2x% + 9x + 5 not a linear expression in x? constant.

o Students should say that 2x? + 9x + 5 is not a linear expression because ® Constants are fixed

the terms of linear expressions must either be a constant or the product numbers.
of a constant and x. The term 2x? does not fit the definition of a linear * Whenatermisthe
expression in x. product of a constant(s)

and a power of x, the
constant is called a
coefficient.

Example 2 (4 minutes)

= Let's examine the expression 4 + 3x5 more deeply. To begin, we want to identify the terms of the expression.
How many terms are there, and what are they?

o There are two terms, 4 and 3x°.

=  How many terms are comprised of just constants, and what are they?
o There is one constant term, 4.

=  How many terms have coefficients, and what are they?
o There is one term with a coefficient, 3.

. Is 4 + 3x° a linear or nonlinear expression in x? Why or why not?

= The expression 4 + 3x5 is a nonlinear expression in x because it is the sum of a constant and the
product of a constant and positive integer power of x > 1.

Example 3 (4 minutes)

=  How many terms does the expression 7x + 9 + 6 + 3x have? What are they?
o As s, this expression has 4 terms: 7x,9, 6, and 3x.

=  This expression can be transformed using some of our basic properties of numbers. For example, if we apply
the commutative property of addition, we can rearrange the terms from 7x + 9+ 6 + 3x to 7x + 3x + 9 + 6.
Then, we can apply the associative property of addition:

(7x + 3x) + (9 + 6).
Next, we apply the distributive property:
(7+3)x+ (9 +6).
Finally,
10x + 15.
. How many terms with coefficients does the expression 10x + 15 have? What are they?
o The expression has one term with a coefficient, 10x. For this term, the coefficient is 10.
= Is 10x 4+ 15 a linear or nonlinear expression in x? Why or why not?

o The expression 10x + 15 is a linear expression in x because it is the sum of constants and products
that contain x to the 1% power.
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Example 4 (2 minutes)

= How many terms does the expression 5 + 9x - 7 + 2x° have? What are they?

o The expression has three terms: 5, 9x - 7, and 2x°.
= How many terms with coefficients does the expression 5 + 9x - 7 + 2x° have? What are they?

o The expression has two terms with coefficients: 63x and 2x°. The coefficients are 63 and 2.
* Is5+9x -7+ 2x? alinear or nonlinear expression in x? Why or why not?

o Theexpression 5 + 9x - 7 + 2x° is a nonlinear expression in x because it is the sum of constants and
products that contain x raised to a power that is greater than 1.

Example 5 (2 minutes)

= Is 94 + x + 4x~°% — 2 a linear or nonlinear expression in x? Why or why not?

o Students may first say that it is neither a linear nor a nonlinear expression in x because of the —2.
Remind them that subtraction can be rewritten as a sum, i.e., + (—2); therefore, this expression does
fit the definition of nonlinear.

Example 6 (2 minutes)

* Isthe expression x* + 9x — 4 a linear expression in x?
o Yes, x! + 9x — 4 is a linear expression in x because x' is the same as x.
=  What powers of x are acceptable in the definition of a linear expression in x?

o Only the power of 1 is acceptable because x'is, by definition, just x.

Exercises 1-12 (14 minutes)

Students complete Exercises 1-12 independently.

Exercises

Write each of the following statements in Exercises 1-12 as a mathematical expression. State whether or not the
expression is linear or nonlinear. If it is nonlinear, then explain why.

1. The sum of a number and four times the number.

Let x be a number; then, x + 4x is a linear expression.

2.  The product of five and a number.

Let x be a number; then, 5x is a linear expression.

3.  Multiply six and the reciprocal of the quotient of a number and seven.

7 . . . .. .
Let x be a number; then, 6 - p is a nonlinear expression. The expression is nonlinear because the number

7 1
; =7- ; =7-xL The exponent of the x is the reason it is not a linear expression.

EUREKA Lesson 2: Linear and Nonlinear Expressions in x
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10.

11.

12.

Twice a number subtracted from four times a number, added to 15.

Let x be a number; then, 15 + (4x — 2x) is a linear expression.

The square of the sum of six and a number.

Let x be a number; then, (x + 6)? is a nonlinear expression. When you multiply (x + 6)2, you get x*> + 12x + 36.
The x? is the reason it is not a linear expression.

The cube of a positive number divided by the square of the same positive number.

3

x
Let x be a number; then, —- is a nonlinear expression. However, if you simplify the expression to x, then it is linear.
x

The sum of four consecutive numbers.

Let x be the first number; then, x + (x + 1) + (x + 2) + (x + 3) is a linear expression.

Four subtracted from the reciprocal of a number.

1

1 1
Let x be a number; then, ; — 4 s a nonlinear expression. The term ; is the same as x~*, which is why this

1
expression is not linear. It is possible that a student may let x be the reciprocal of a number, ;, which would make

the expression linear.

Half of the product of a number multiplied by itself three times.

1 1 1
Let x be a number; then, E - X - X - x is a nonlinear expression. The term E - X - X - Xxis the same as Ex3, which is

why this expression is not linear.

2
The sum that shows how many pages Maria read if she read 45 pages of a book yesterday and 5 of the remaining

pages today.

Let x be the number of remaining pages of the book; then, 45 + %x is a linear expression.

An admission fee of $10 plus an additional $2 per game.

Let x be the number of games; then, 10 + 2x is a linear expression.

Five more than four times a number and then twice that sum.

Let x be the number; then, 2(4x + 5) is a linear expression.

EUREKA Lesson 2: Linear and Nonlinear Expressions in x
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Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

= We have definitions for linear and nonlinear expressions.
=  We know how to use the definitions to identify expressions as linear or nonlinear.

=  We can write expressions that are linear and nonlinear.

Lesson Summary
Linear expressions are sums of constants and products of constants and x raised to a power of 0 or 1. For example,

1
4 +3x,7x +x — 15, and E x + 7 — 2 are all linear expressions in x.

Nonlinear expressions are also sums of constants and products of constants and x raised to a power that is not 0

1
or 1. For example, 2x%2 -9, —6x3 4+ 8 + x,and — + 8 are all nonlinear expressions in x.
x

Exit Ticket (5 minutes)
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Name Date

Lesson 2: Linear and Nonlinear Expressions in x

Exit Ticket

Write each of the following statements as a mathematic expression. State whether the expression is a linear or
nonlinear expression in x.

1. Seven subtracted from five times a number, and then the difference added to nine times a number.

2. Three times a number subtracted from the product of fifteen and the reciprocal of a number.

3. Half of the sum of two and a number multiplied by itself three times.
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Exit Ticket Sample Solutions

Write each of the following statements as a mathematic expression. State whether the expression is a linear or nonlinear
expression in x.

1. Seven subtracted from five times a number, and then the difference added to nine times a number.

Let x be a number; then, (5x — 7) + 9x. The expression is a linear expression.

2.  Three times a number subtracted from the product of fifteen and the reciprocal of a number.

1 Lo . .
Let x be a number; then, 15 - i 3x. The expression is a nonlinear expression.

3.  Half of the sum of two and a number multiplied by itself three times.

1
Let x be a number; then, E (2 + x3). The expression is a nonlinear expression.

Problem Set Sample Solutions

Students practice writing expressions and identifying them as linear or nonlinear.

Write each of the following statements as a mathematic expression. State whether the expression is linear or nonlinear.
If it is nonlinear, then explain why.

1. A number decreased by three squared.

Let x be a number; then, x — 32 is a linear expression.

2. The quotient of two and a number, subtracted from seventeen.

2 1
Let x be a number; then, 17 — % is a nonlinear expression. The term ; is the same as 2 - % and ; = xil, which is

why it is not linear.

3.  The sum of thirteen and twice a number.

Let x be a number; then, 13 + 2x is a linear expression.

4. 5.2 more than the product of seven and a number.

Let x be a number; then, 5.2 + 7x is a linear expression.
5. The sum that represents the number of tickets sold if 35 tickets were sold Monday, half of the remaining tickets
were sold on Tuesday, and 14 tickets were sold on Wednesday.

Let x be the remaining number of tickets; then, 35 + %x + 14 is a linear expression.
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6. The product of 19 and a number, subtracted from the reciprocal of the number cubed.

3

1 . . . 1. _
Let x be a number; then, — — 19x is a nonlinear expression. The term = is the same as x

3 , which is why it is not

linear.

7. The product of 15 and a number, and then the product multiplied by itself four times.

Let x be a number; then, (15x)* is a nonlinear expression. The expression can be written as 15* - x*. The exponent
of 4 with a base of x is the reason it is not linear.

8. A number increased by five and then divided by two.

x+5
Let x be a number; then, Z_ is a linear expression.

9.  Eight times the result of subtracting three from a number.

Let x be a number; then, 8(x — 3) is a linear expression.

10. The sum of twice a number and four times a number subtracted from the number squared.

Let x be a number; then, x* — (2x + 4x) is a nonlinear expression. The term x2 is the reason it is not linear.

11. One-third of the result of three times a number that is increased by 12.

Let x be a number; then, % (3x + 12) is a linear expression.

12. Five times the sum of one-half and a number.

Let x be a number; then, 5 (% + x) is a linear expression.

13. Three-fourths of a number multiplied by seven.

Let x be a number; then, %x - 7 is a linear expression.

14. The sum of a number and negative three, multiplied by the number.

Let x be a number; then, (x + (—3))x is a nonlinear expression because (x + (—3))x = x? — 3x after using the
distributive property. It is nonlinear because the power of x in the term x? is greater than 1.

15. The square of the difference between a number and 10.

Let x be a number; then, (x — 10)? is a nonlinear expression because (x — 10)% = x> — 20x + 100. The term x? is
a positive power of x > 1; therefore, this is a not a linear expression.
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A STORY OF RATIOS

Lesson 3: Linear Equations in x

Student Outcomes

Students know that a linear equation is a statement of equality between two expressions.

Students know that a linear equation in x is actually a question: Can you find all numbers x, if they exist, that
satisfy a given equation? Students know that those numbers x that satisfy a given equation are called
solutions.

Classwork

Concept Development (7 minutes)

Show students the examples below, and provide them time to work individually or in small

We want to define “linear equation in x.” Here are some examples of linear Scaffolding:
equations in x. Using what you know about the words linear (from Lesson 2)
and equation (from Lesson 1), develop a mathematical definition of “linear

equation in x.” throughout the module.

Consider developing a word
bank or word wall to be used

groups to develop an appropriate definition. Once students share their definitions, continue with the definition and
discussion that follows.

1
x+11 =15 5+3=8 —§x=22

4 3
15_4x=x+§ 3—(x+2)=-12x Zx+6(x—1)=9(2—x)

When two linear expressions are equal, they can be written as a linear equation in x.
Consider the following equations. Which are true, and how do you know?
4+1=5
6+5=16
21—-6=15
6—2=1
o The first and third equations are true because the value on the left side is equal to the number on the
right side.

Is4 + 15x = 49 true? How do you know?

Have a discussion that leads to students developing a list of values for x that make it false, along with one value of x that
makes it true. Then, conclude the discussion by making the two points below.

A linear equation in x is a statement about equality, but it is also an invitation to find all of the numbers x, if
they exist, that make the equation true. Sometimes the question is asked in this way: What number(s)

x satisfy the equation? The question is often stated more as a directive: Solve. When phrased as a directive,
it is still considered a question. Is there a number(s) x that make the statement true? If so, what is the
number(s) x?
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= Equations that contain a variable do not have a definitive truth value; in other words, there are values of the
variable that make the equation a true statement and values of the variable that make it a false statement.
When we say that we have “solved an equation,” what we are really saying is that we have found a number (or

numbers) x that makes the equation true. That number x is called the solution to the equation.

Example 1 (4 minutes)

Here is a linear equation in x: 4 4+ 15x = 49. Is there a number x that makes
the linear expression 4 + 15x equal to the linear expression 49? Suppose you
are told this number x has a value of 2, i.e., x = 2. We replace any instance of x
in the linear equation with the value of 2, as shown:
4+ 15-2 =49.
Next, we evaluate each side of the equation. The left side is
4+4+15-2=44+30
= 34.
The right side of the equation is 49. Clearly, 34 # 49. Therefore, the number 2
is not a solution to this equation.

Is the number 3 a solution to the equation? That is, is this equation a true
statement when x = 3?

©  Yes, because the left side of the equation equals the right side of the
equation when x = 3.

The left side is

4+4+15-3=4+145
= 49,

Scaffolding:

Remind students that when a
number and a symbol are next
to one another, such as 15x,
we do not need to use a
symbol to represent the
multiplication (it is a
convention). For clarity, when
two numbers are being
multiplied, we do use a
multiplication symbol. Itis
necessary to tell the difference
between the number, 152 and
the product, 15 - 2.

The right side is 49. Since 49 = 49, then we can say that x = 3 is a solution to the equation

4 + 15x = 49.

3 is a solution to the equation because it is a value of x that makes the equation a true statement.

Example 2 (4 minutes)

EUREKA

Here is a linear equation in x: 8x — 19 = —4 — 7x.

Is 5 a solution to the equation? That is, is the equation a true statement when = 5?

@ No, because the left side of the equation does not equal the right side of the equation when x = 5.

The left side is
8-5—19=40-19
= 21.
The right side is
—4—-7-5=-4-35
= —39.
Since 21 # —39, then x + 5. That s, 5 is not a solution to the equation.
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= Is 1 a solution to the equation? That is, is this equation a true statement when x = 1?

o Yes, the left side and right side of the equation are equal to the same number when x = 1.

The left side is
8:-1-19=8-19
=-11.
The right side is
—4-7-1=—-4-7
=-11.
Since —11 = —11, then x = 1. Thatis, 1 is a solution to the equation.

Example 3 (4 minutes)

*  Hereisalinear equationinx: 3(x +9) = 4x — 7 + 7x.
=  We can make our work simpler if we use some properties to transform the expression on the right side of the
equation into an expression with fewer terms.

Provide students time to transform the equation into fewer terms, then proceed with the points below.

= For example, notice that on the right side, there are two terms that contain x. First, we will use the
m commutative property to rearrange the terms to better see what we are doing.

dx +7x—7

Next, we will use the distributive property to collect the terms that contain x.

dx+7x—7=0@B+T7x—7
=11x—-7

Finally, the transformed (but still the same) equation can be written as 3(x +9) = 11x — 7.

5 . . s . 5
= s L@ solution to the equation? That is, is this equation a true statement when x = Z?

o No, because the left side of the equation does not equal the right side of the equation when x = 2.

The left side is
41
3(3+9)=3(%)
123
=
The right side is
5 55
11- i 7= Z 7
27
=T
123

, 27 5 . 5. . .
Since * 7 then x # T That is, s not a solution to the equation.

4
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Example 4 (4 minutes)

= Hereisalinear equationinx: —2x + 11 —5x =5 — 6x.

= We want to check to see if 6 is a solution to the equation, i.e., is this equation a true statement when x = 6?
Before we do that, what would make our work easier?

o We could use the commutative and distributive properties to transform the left side of the equation
into an expression with fewer terms.

—2x+11-5x=—-2x—-5x+11
=(-2-5x+11
=-7x+11

= The transformed equation can be written as —7x + 11 = 5 — 6x. Is 6 a solution to the equation, i.e., is this
equation a true statement when x = 6?

@ Yes, because the left side of the equation is equal to the right side of the equation when x = 6.

The left side is
-7x+11=-7-6+11
=—-42+11
= -31.
The right side is
5—-6x=5—-6-6
=5-36
= -31.
Since —31 = =31, then x = 6. That s, 6 is a solution to the equation.

Exercises 1-6 (12 minutes)

Students complete Exercises 1-6 independently.

Exercises

1. Isthe equation a true statement when x = —3; in other words, is —3 a solution to the equation
6x + 5 = 5x + 8 + 2x? Explain.

If we replace x with the number —3, then the left side of the equation is
6-(—3)+5=-18+5
=-13,
and the right side of the equation is
5-(-3)+8+2-(-3)=-15+8-6

=-7-6

=—-13.
Since —13 = —13, then x = —3 is a solution to the equation 6x + 5 = 5x + 8 + 2x.

Note: Some students may have transformed the equation.
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2. Does x = 12 satisfy the equation 16 — %x = %x + 1? Explain.

If we replace x with the number 12, then the left side of the equation is

16— Sx=16— 1 (12)
_li—16-2.
2 2

=16-6
=10,

and the right side of the equation is

3 3
FXtl=70a2+1

4
=941
=10.
Since 10 = 10, then x = 12 is a solution to the equation 16 — %x = %x + 1.

3. Chad solved the equation 24x + 4 + 2x = 3(10x — 1) and is claiming that x = 2 makes the equation true. Is Chad
correct? Explain.

If we replace x with the number 2, then the left side of the equation is
24x+4+2x=24-2+4+2-2
=48+4+4
=56,
and the right side of the equation is

3(10x— 1) =3(10-2—1)
=3(20-1)
=3(19)
=57.

Since 56 + 57, then x = 2 is not a solution to the equation 24x + 4 + 2x = 3(10x — 1), and Chad is not correct.

4. Lisa solved the equation x + 6 = 8 + 7x and claimed that the solution is x = — % Is she correct? Explain.

If we replace x with the number — %, then the left side of the equation is

| =

x+6=—-+6

I
(%2
WIN w

~

and the right side of the equation is

1
8+7x=8+7-(—§)

7
7 3
24 7
3 3
17
3
. 2 17 1. . . I
Since 5 3= 73 then x = — gisa solution to the equation x + 6 = 8 + 7x, and Lisa is correct.
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5.  Angel transformed the following equation from 6x + 4 — x = 2(x + 1) to 10 = 2(x + 1). He then stated that the
solution to the equation is x = 4. Is he correct? Explain.

No, Angel is not correct. He did not transform the equation correctly. The expression on the left side of the equation
6x +4 — x = 2(x + 1) would transform to
6x+4—x=6x—x+4
=(6-1)x+4
=5x+4.

If we replace x with the number 4, then the left side of the equation is
5 +4=5-4+4

=20+4
=24,

and the right side of the equation is
2x+1)=24+1)
=2(5)
=10.

Since 24 + 10, then x = 4 is not a solution to the equation 6x + 4 — x = 2(x + 1), and Angel is not correct.

6. Claire was able to verify that x = 3 was a solution to her teacher’s linear equation, but the equation got erased
from the board. What might the equation have been? Identify as many equations as you can with a solution of
x =3.

Answers will vary. Ask students to share their equations and justifications as to how they knew x = 3 would make a
true number sentence.

7. Does an equation always have a solution? Could you come up with an equation that does not have a solution?

Answers will vary. Expect students to write equations that are false. Ask students to share their equations and
Jjustifications as to how they knew the equation they wrote did not have a solution. The concept of “no solution” is
introduced in Lesson 6 and solidified in Lesson 7.

Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

=  We know that equations are statements about equality. That is, the expression on the left side of the equal
sign is equal to the expression on the right side of the equal sign.

=  We know that a solution to a linear equation in x will be a number, and that when all instances of x are
replaced with the number, the left side will equal the right side.
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Lesson Summary

Equations are statements about equality. If the expression on the left side of the equal sign has the same value as
the expression on the right side of the equal sign, then you have a true equation.

A solution of a linear equation in x is a number, such that when all instances of x are replaced with the number, the
left side will equal the right side. For example, 2 is a solution to 3x + 4 = x + 8 because when x = 2, the left side
of the equation is

3x+4=3(2)+4
=6+4
=10,

and the right side of the equation is

x+8=2+8
= 10.

Since 10 = 10, then x = 2 is a solution to the linear equation 3x + 4 = x + 8.

Exit Ticket (5 minutes)
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Name Date

Lesson 3: Linear Equations in x

Exit Ticket

1. Is8asolutionto %x + 9 = 13? Explain.

2. Write three different equations that have x = 5 as a solution.

3. Is =3 asolution to the equation 3x — 5 = 4 + 2x? Explain.
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Exit Ticket Sample Solutions

1
1. Is 8 asolution to Ex + 9 = 13? Explain.

1
If we replace x with the number 8, then the left side is 2 (8) + 9 = 4 + 9 = 13, and the right side is 13. Since

13 = 13, then x = 8 is a solution.

2.  Write three different equations that have x = 5 as a solution.

Answers will vary. Accept equations where x = 5 makes a true number sentence.

3. Is —3 asolution to the equation 3x — 5 = 4 + 2x? Explain.

If we replace x with the number —3, then the left side is 3(—3) — 5 = —9 — 5 = —14. The right side is
4+ 2(-3) =4 — 6 = —2. Since —14 # —2, then —3 is not a solution of the equation.

Problem Set Sample Solutions

Students practice determining whether or not a given number is a solution to the linear equation.

1. Giventhat2x + 7 =27 and 3x + 1 = 28, does 2x + 7 = 3x + 1? Explain.

No, because a linear equation is a statement about equality. We are given that 2x + 7 = 27, but 3x + 1 = 28.
Since each linear expression is equal to a different number, 2x + 7 + 3x + 1.

2. Is—5 asolution to the equation 6x + 5 = 5x + 8 + 2x? Explain.
If we replace x with the number —5, then the left side of the equation is

6-(-5)+5=-30+5
= —25,

and the right side of the equation is
5-(-5)+8+2-(-5)=-25+8-10
=-17-10
=-27.
Since —25 #+ —27, then —5 is not a solution of the equation 6x + 5 = 5x + 8 + 2x.

Note: Some students may have transformed the equation.

3. Does x = 1.6 satisfy the equation 6 — 4x = —%? Explain.

If we replace x with the number 1. 6, then the left side of the equation is

6-4-1.6=6—-6.4

=-0.4,
and the right side of the equation is
1.6 0.4
7 - 0%
Since —0.4 = —0.4, then x = 1. 6 is a solution of the equation 6 — 4x = —fl_—c.
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4.  Use the linear equation 3(x + 1) = 3x + 3 to answer parts (a)—(d).

a. Does x = 5 satisfy the equation above? Explain.
If we replace x with the number 5, then the left side of the equation is

3(5+ 1) = 3(6)
=18,

and the right side of the equation is

3x+3=3-5+3
=15+3
=18.

Since 18 = 18, then x = 5 is a solution of the equation 3(x + 1) = 3x + 3.

b. Is x = —8 a solution of the equation above? Explain.
If we replace x with the number —8, then the left side of the equation is

3(-8+1)=3(-7)
=-21,

and the right side of the equation is
3x+3=3-(-8)+3
=-24+3
=-21.

Since —21 = —21, then x = —8 is a solution of the equation 3(x + 1) = 3x + 3.

1 . . .
c. Isx = 5a solution of the equation above? Explain.

If we replace x with the number %, then the left side of the equation is

(3 +1)=3(3+3)

3
-3(3)
_ 9
=5
and the right side of the equation is
1
3x+3=3" E) +3
_ 3
= E +3
3 6
=23
_ 9
=3
9 9 1
Since 272 then x = 3 is a solution of the equation 3(x + 1) = 3x + 3.

d. What interesting fact about the equation 3(x + 1) = 3x + 3 is illuminated by the answers to parts (a), (b),
and (c)? Why do you think this is true?

Note to teacher: Ideally, students will notice that the equation 3(x + 1) = 3x + 3 is an identity under the
distributive law. The purpose of this problem is to prepare students for the idea that linear equations can
have more than one solution, which is a topic of Lesson 7.

EUREKA Lesson 3: Linear Equations in x
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org

38


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 4 m 6

Lesson 4: Solving a Linear Equation

Student Outcomes

=  Students extend the use of the properties of equality to solve linear equations having rational coefficients.

Classwork
Concept Development (13 minutes)

=  To solve an equation means to find all of the numbers x, if they exist, so that the given equation is true.
= |n some cases, some simple guess work can lead us to a solution. For example, consider the following equation:
4x +1=13.
What number x would make this equation true? That is, what value of x would make the left side equal to the
right side? (Give students a moment to guess a solution.)

o When x = 3, we get a true statement. The left side of the equal sign is equal to 13 and so is the right
side of the equal sign.

In other cases, guessing the correct answer is not so easy. Consider the following equation:
3(4x —9)+ 10 = 15x + 2 + 7x.

Can you guess a number for x that would make this equation true? (Give students a minute to guess.)

= Guessing is not always an efficient strategy for solving equations. In the last example, there are several terms in
each of the linear expressions comprising the equation. This makes it more difficult to easily guess a solution.
For this reason, we want to use what we know about the properties of equality to transform equations into
equations with fewer terms.

= The ultimate goal of solving any equation is to get it into the form of x (or whatever symbol is being used in the
equation) equal to a constant.

Complete the activity described below to remind students of the properties of equality, then proceed with the discussion
that follows.

Give students the equation: 4 + 1 = 7 — 2, and ask them the following questions.

1. Isthis equation true?
2. Perform each of the following operations, and state whether or not the equation is still true:
a. Add three to both sides of the equal sign.
b. Add three to the left side of the equal sign, and add two to the right side of the equal sign.
c. Subtract six from both sides of the equal sign.
d. Subtract three from one side of the equal sign, and subtract three from the other side of the equal
sign.
e. Multiply both sides of the equal sign by ten.
f.  Multiply the left side of the equation by ten and the right side of the equation by four.
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g. Divide both sides of the equation by two.
h. Divide the left side of the equation by two and the right side of the equation by five.

3. What do you notice? Describe any patterns you see.

= There are four properties of equality that will allow us to transform an equation into the form we want. If A, B,
and C are any rational numbers, then

e IfA=B,thenA+C=B+C.

e |fA=B,thenA—C=B-_C.

e IfA=B,thenA-C=B-C.

e |IfA=BR, then%z %, where C is not equal to zero.

= All four of the properties require us to start off with A = B. That is, we have to assume that a given equation
has an expression on the left side that is equal to the expression on the right side. Working under that
assumption, each time we use one of the properties of equality, we are transforming the equation into another
equation that is also true, i.e., left side equals right side.

Example 1 (3 minutes)

= Solve the linear equation 2x — 3 = 4x for the number x.

=  Examine the properties of equality. Choose “something” to add, subtract, multiply, or divide on both sides of
the equation.

Validate the use of the properties of equality by having students share their thoughts. Then, discuss the “best” choice
for the first step in solving the equation with the points below. Be sure to remind students throughout this and the
other examples that our goal is to get x equal to a constant; therefore, the “best” choice is one that gets us to that goal
most efficiently.

=  First, we must assume that there is a number x that makes the equation true. Working under that assumption,
when we use the property, if A = B, then A — C = B — C, we get an equation that is also true.

2x —3 =4x
2x —2x —3 =4x — 2x

Now, using the distributive property, we get another set of equations that is also true.

2-2)x—3=0(4l-2)x
Ox —3 =2x
-3 =12x

. . A _B . .
Using another property, if A = B, then c=oowe get another equation that is also true.

-3 _ 2x
2 2
After simplifying the fraction %, we have
_3 _
2

which is also true.
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. . 3 o .
= The last step is to check to see if x = -3 satisfies the equation 2x — 3 = 4x.

The left side of the equation is equal to 2 - (— S) —3=-3-3=-—6.

The right side of the equation is equal to 4 - (— %) =2-(-3) =-6.

Since the left side equals the right side, we know we have found the number x that solves the equation
2x — 3 = 4x.

Example 2 (4 minutes)

= Solve the linear equation %x — 21 = 15. Keep in mind that our goal is to transform the equation so that it is in

the form of x equal to a constant. If we assume that the equation is true for some number x, which property
should we use to help us reach our goal, and how should we use it?

Again, provide students time to decide which property is “best” to use first.
o We should use the property if A = B, then A+ C = B + C, where the number C is 21.

Note that if students suggest that we subtract 15 from both sides (i.e., where C is —15), remind them that we want the
form of x equal to a constant. Subtracting 15 from both sides of the equal sign puts the x and all of the constants on the
same side of the equal sign. There is nothing mathematically incorrect about subtracting 15, but it does not get us any
closer to reaching our goal.

= |fweuseA + C = B + C, then we have the true statement:

3
gx—21+21=15+21

and

> =36
5x— .

Which property should we use to reach our goal, and how should we use it?
o We should use the propertyif A = B, then A-C = B - C, where C is S

= |fweuseA-C = B-C,then we have the true statement:

3 5 36 5
57370y

and by the commutative property and the cancellation law, we have
x=12-5=60.

= Does x = 60 satisfy the equation %x —21=15?

o Yes, because the left side of the equation is equal to % — 21 =36 — 21 = 15. Since the right side is

also 15, then we know that 60 is a solution to %x — 21 =15.

EUREKA Lesson 4: Solving a Linear Equations
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Lesson 4 m 6

=  The properties of equality are not the only properties we can use with equations. What other properties do we

know that could make solving an equation more efficient?

o We know the distributive property, which allows us to expand and simplify expressions.

o We know the commutative and associative properties, which allow us to rearrange and group terms

within expressions.

= Now we will solve the linear equation %x + 134+ x =1—9x + 22. Is there anything we can do to the linear

expression on the left side to transform it into an expression with fewer terms?
o Yes, we can use the commutative and distributive properties:

1 1
§x+13+x=§x+x+13

_0 +13
—Sx .

= |s there anything we can do to the linear expression on the right side to transform
it into an expression with fewer terms?

@ Yes, we can use the commutative property:

1-9x+22=1+22-9
=23 —9x.

=  Now we have the equation gx + 13 = 23 — 9x. What should we do now to solve
the equation?

Students should come up with the following four responses as to what should be done
next. A case can be made for each of them being the “best” move. In this case, each
move gets us one step closer to our goal of having the solution in the form of x equal to a
constant. Select one option and move forward with solving the equation (the notes that
follow align to the first choice, subtracting 13 from both sides of the equal sign).

o We should subtract 13 from both sides of the equal sign.

o We should subtract 23 from both sides of the equal sign.

o We should add 9x to both sides of the equal sign.

o We should subtract g x from both sides of the equal sign.

= Let’s choose to subtract 13 from both sides of the equal sign. Though all options
were generally equal with respect to being the “best” first step, | chose this one
because when | subtract 13 on both sides, the value of the constant on the left
side is positive. | prefer to work with positive numbers. Then we have

6
§x+13—13=23—13—9x

0 =10-9
oX = X.

EUREKA Lesson 4: Solving a Linear Equations
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Note to Teacher:

There are many ways to solve
this equation. Any of the
actions listed below are
acceptable. In fact, a student
could say, “Add 100 to both
sides of the equal sign,” and
that, too, would be an
acceptable action. It may not
lead us directly to our answer,
but it is still an action that
would make a mathematically
correct statement. Make it
clear that it does not matter
which option students choose
or in which order; what
matters is that they use the
properties of equality to make
true statements that lead to a
solution in the form of x equal
to a constant.
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= ? ?
What should we do next? Why? Note to Teacher:

o We should add 9x to both sides of the equal sign. We want our solution
in the form of x equal to a constant, and this move puts all terms with an
X on the same side of the equal sign.

We still have options. If
students say we should

. . . subtract Sx from both sides of
=  Adding 9x to both sides of the equal sign, we have the equal sign, remind them of
6 . .

O 4 9% = 10 — 9% + 9x our goal of obtaining the x

5 equal to a constant.
51 10
- x = 10.

=  What do we need to do now?

o We should multiply % on both sides of the equal sign.

=  Then we have

. 5 _ 51
By the commutative property and the fact that o X <= 1, we have

50

x=ﬁ.

= All of the work we did is only valid if our assumption that ix + 134+ x =1-—9x + 22 is a true statement.

.5 - .
Therefore, check to see |f5—(1) makes the original equation a true statement.

1
§x+13+x=1—9x+22

1 /50 50 50
g(a)+13+ﬁ=1—9(a)+22
6 /50 50
s+ 1e-5-9(5)
300 450
ﬁ‘i’ 13:23_H
3615 723
255 51
723 723
51 51

. . . 50 . . .
Since both sides of our equation equal %, then we know that 5—2 is a solution of the equation.
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Exercises 1-5 (10 minutes)

Students work on Exercises 1-5 independently.

1.

Exercises

For each problem, show your work and check that your solution is correct.

Solve the linear equation x + x + 2 + x + 4 + x + 6 = —28. State the property that justifies your first step and
why you chose it.

The left side of the equation can be transformed from x + x + 2 + x + 4 + x + 6 to 4x + 12 using the commutative
and distributive properties. Using these properties decreases the number of terms of the equation. Now we have
the equation:

4x+12 =28
4x+12-12=-28-12
4x = —40
1 1
Z~4x=—40~z
x =—10.

The left side of the equation is equal to (—10) + (—10) + 2 + (—=10) + 4 + (—10) + 6, which is —28. Since the
left side is equal to the right side, then x = —10 is the solution to the equation.

Note: Students could use the division property in the last step to get the answer.

Solve the linear equation 2(3x + 2) = 2x — 1 + x. State the property that justifies your first step and why you
chose it.

Both sides of equation can be rewritten using the distributive property. | have to use it on the left side to expand the
expression. | have to use it on the right side to collect like terms.

The left side is
2(3x+2)=6x+4.
The right side is
2x—1+x=2x+x-1
=3x—-1.
The equation is
6x+4=3x—-1
6x+4—-4=3x—-1-4
6x=3x—-5
6x—3x=3x—-3x—-5
(6-3)x=3-3)x-5

3x=-5
1 1
§.3;;:5.(_5)
5
x = 3

The left side of the equation is equal to 2(—5 + 2) = 2(—3) = —6. The right side of the equation is equal to

—5 — 1 = —6. Since both sides are equal to —6, then x = —gis asolutionto2(3x +2) =2x—1+x.

Note: Students could use the division property in the last step to get the answer.
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3.

4.

Solve the linear equation x — 9 = %x. State the property that justifies your first step and why you chose it.

I chose to use the subtraction property of equality to get all terms with an x on one side of the equal sign.

9_3
X —Sx
9_3
X—x —Sx x
3
(1—1)x—9=<§—1)x
9 2
—9=_Z"x
5
5 5 2
—— (=9) = —— . ——
2 CV=-3 5%
45
2 =x
45 1 27 3 45 3 9 27
The left side of the equation is 7— ? = 7 The right side is E_ = IE = 7 Since both sides are equal to
the same number, thenxz%isasolution tox—9:%x.

Solve the linear equation 29 — 3x = 5x + 5. State the property that justifies your first step and why you chose it.

I chose to use the addition property of equality to get all terms with an x on one side of the equal sign.
29-3x=5x+5
29-3x+3x=5x+3x+5

29=8x+5
29-5=8x+5-5
24 =8x
1 1
§Z4=§8x
3=x

The left side of the equal sign is 29 — 3(3) = 29 — 9 = 20. The right side is equal to 5(3) + 5 = 15+ 5 = 20.
Since both sides are equal, x = 3 is a solution to 29 — 3x = 5x + 5.

Note: Students could use the division property in the last step to get the answer.

1
Solve the linear equation 5 x — 5 + 171 = x. State the property that justifies your first step and why you chose it.

I chose to combine the constants —5 and 171. Then, | used the subtraction property of equality to get all terms with
an x on one side of the equal sign.

1
§x—5+171=x

L 166 =
§x =X
L 166=x—1
3x 3x =X 3x
166 = —x
16,332
223"
83x3 =
249 =

1
The left side of the equation is 3 249 — 5+ 171 =83 — 5+ 171 = 78 + 171 = 249, which is exactly equal

1
to the right side. Therefore, x = 249 is a solution to ; x—5+171 ==x.
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Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

=  We know that properties of equality, when used to transform equations, make equations with fewer terms that
are simpler to solve.

=  When solving an equation, we want the answer to be in the form of the symbol x equal to a constant.

Lesson Summary

The properties of equality, shown below, are used to transform equations into simpler forms. If A, B, C are rational
numbers, then

. IfA=B,thenA+C=B+C. Addition property of equality
- IfA=B,thenA—-C=B—-_C. Subtraction property of equality
- IfA=B,thenA-C=B-C. Multiplication property of equality

A B
. If A = B, then E = E , Where C is not equal to zero.  Division property of equality

To solve an equation, transform the equation until you get to the form of x equal to a constant (x = 5, for
example).

Exit Ticket (5 minutes)
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Name Date

Lesson 4: Solving a Linear Equation

Exit Ticket

1. Guess a number for x that would make the equation true. Check your solution.

5x—2=8

2. Use the properties of equality to solve the equation 7x — 4 4+ x = 12. State which property justifies your first step
and why you chose it. Check your solution.

3. Use the properties of equality to solve the equation 3x + 2 — x = 11x + 9. State which property justifies your first
step and why you chose it. Check your solution.

EUREKA Lesson 4: Solving a Linear Equations
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Exit Ticket Sample Solutions

1.  Guess a number for x that would make the equation true. Check your solution.
5x—-2=8
When x = 2, the left side of the equation is 8, which is the same as the right side. Therefore, x = 2 is the solution to

the equation.

2.  Use the properties of equality to solve the equation 7x — 4 + x = 12. State which property justifies your first step
and why you chose it. Check your solution.

I used the commutative and distributive properties on the left side of the equal sign to simplify the expression to
fewer terms.

7x—4+x=12

8x—-4=12
8x—4+4=12+4

8x =16

8 16

8" "8

x=2

The left side of the equation is 7(2) — 4 + 2 = 14 — 4 + 2 = 12. The right side is also 12. Since the left side equals
the right side, x = 2 is the solution to the equation.

3. Use the properties of equality to solve the equation 3x + 2 — x = 11x + 9. State which property justifies your first
step and why you chose it. Check your solution.

I used the commutative and distributive properties on the left side of the equal sign to simplify the expression to

fewer terms.
3x+2-x=11x+9
2x+2=11x+9
2x—2x+2=11x—-2x+9
2-2)x+2=(11-2)x+9
2=9x+9
2-9=9x+9-9
-7 =9x
-7 9
9 " 9*
7 —
_E_x
The left side of the equation is 3 (%7) +2 - %7 = —2—91 + % +% = % The right side is 11 (— %) +9= _T77 +
% = % Since the left side equals the right side, x = — % is the solution to the equation.
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Problem Set Sample Solutions

Students solve equations using properties of equality.

For each problem, show your work and check that your solution is correct.
1. Solve the linear equation x + 4 + 3x = 72. State the property that justifies your first step and why you chose it.

I used the commutative and distributive properties on the left side of the equal sign to simplify the expression to

fewer terms.

x+4+3x=72

4x+4 =172
4x+4—-4=72—-4

4x = 68

4 68

iy

x =17

The left side is equal to 17 + 4 + 3(17) = 21 + 51 = 72, which is equal to the right side. Therefore, x = 17 isa
solution to the equation x + 4 + 3x = 72.

2. Solve the linear equation x + 3 + x — 8 + x = 55. State the property that justifies your first step and why you
chose it.

I used the commutative and distributive properties on the left side of the equal sign to simplify the expression to
fewer terms.

x+3+x—8+x=55

3x—-5=55
3x-5+5=55+5

3x =60

3 60

3*7 3

x =20

The left side is equal to 20 + 3 + 20 — 8 + 20 = 43 — 8 + 20 = 35 + 20 = 55, which is equal to the right side.
Therefore, x = 20 is a solutionto x + 3 + x — 8 + x = 55.
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3.

1 1
Solve the linear equation 2 x+10 = 1 x + 54. State the property that justifies your first step and why you chose
it.
I chose to use the subtraction property of equality to get all of the constants on one side of the equal sign.

1 1
—x+10=Zx+54

2
1 1
2x+10 10—4x+54 10
1 1
Ex—zx+44
1 1

1
Ex—zx—zx—zx+44

1
Zx:4-4
1
4-~Zx=4-~4-4-
x =176

1 1
The left side of the equation is 2 (176) + 10 = 88 + 10 = 98. The right side of the equation is y (176) + 54 =

1 1
44 + 54 = 98. Since both sides equal 98, x = 176 is a solution to the equation E x+10 = Z x + 54.

1
Solve the linear equation — x + 18 = x. State the property that justifies your first step and why you chose it.
I chose to use the subtraction property of equality to get all terms with an x on one side of the equal sign.
L +18
—Xx =x
4

! L +18 = !
X 3% =x—2x

18 3
:Zx
4 4 3
3 18=33%
24 =x

1
The left side of the equation is 1 (24) + 18 = 6 + 18 = 24, which is what the right side is equal to. Therefore,

1
x = 24 is a solution ton + 18 = x.

Solve the linear equation 17 — x = % - 15 + 6. State the property that justifies your first step and why you chose it.

The right side of the equation can be simplified to 11. Then the equation is

17 —x =11,

and x = 6. Both sides of the equation equal 11; therefore, x = 6 is a solution to the equation 17 — x = % 15+ 6.

I was able to solve the equation mentally without using the properties of equality.
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2
Solve the linear equation = 189. 5. State the property that justifies your first step and why you chose it.

I chose to use the multiplication property of equality to get all terms with an x on one side of the equal sign.

x+x+2
f=189.5
x+x+2=4(189.5)
2x+2 =758
2x+2—-2=758-2
2x =756
2 756
=7
x =378

378+378+2 758

The left side of the equation is ————— =

2 = - 189. 5, which is equal to the right side of the equation.

2
= 189.5.

. . x+x
Therefore, x = 378 is a solution to

Alysha solved the linear equation 2x — 3 — 9x = 14 + x — 1. Her work is shown below. When she checked her
answer, the left side of the equation did not equal the right side. Find and explain Alysha’s error, and then solve the
equation correctly.
2x—-3-9x=14+x-1
—6x—3=13 + 2x
—-6x—3+3=13+3+2x

—6x =16 + 2x
—6x +2x =16
—4x =16
—4 16
¥
x=—4

Alysha made a mistake on the fifth line. She added 2x to the left side of the equal sign and subtracted 2x on the
right side of the equal sign. To use the property correctly, she should have subtracted 2x on both sides of the equal

sign, making the equation at that point.

—6x—2x =16+ 2x — 2x

—-8x =16
-8 16
¥~ 8

x=-2
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Lesson 5: Writing and Solving Linear Equations

Student Outcomes

= Students apply knowledge of geometry to writing and solving linear equations.

Lesson Notes

All of the problems in this lesson relate to what students have learned about geometry in recent modules and previous
years. The purpose is two-fold. First, we want to reinforce what students have learned about geometry, and second, we
want to demonstrate a need for writing and solving an equation in a context that is familiar. Throughout the lesson
students solve mathematical problems that relate directly to what students have learned about angle relationships,

congruence, and the triangle sum theorem. Encourage students to draw a diagram to represent the situation presented
in the word problems.

Classwork
Example 1 (5 minutes)

= Solve the following problem:

Example 1

One angle is five less than three times the size of another angle. Together they have a sum of 143°. What is the measure

m each angle?

Provide students with time to make sense of the problem and persevere in solving it. They could begin their work by

guessing and checking, drawing a diagram, or other methods as appropriate. Then, move to the algebraic method
| shown below.

=  What do we need to do first to solve this problem?

o First, we need to define our variable (symbol). Let x be the measure of
the first angle in degrees. Scaffolding:

= If x is the measure of the first angle, how do you represent the measure of the
second angle?

Model for students how to use
diagrams to help make sense of
o The second angle is 3x — 5. the problems throughout this
lesson. Encourage students to
use diagrams to help them
understand the situation.

=  What is the equation that represents this situation?

o The equation is x + 3x — 5 = 143.

=  The equation that represents this situation is x + 3x — 5 = 143. Solve for x,
then determine the measure of each angle.
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As students share their solutions for this and subsequent problems, ask them a variety of questions to reinforce the
concepts of the last few lessons. For example, you can ask students to discuss whether or not this is a linear equation
and how they know, to justify their steps and explain why they chose their particular first step, to explain what the
solution means, or to justify how they know their answer is correct.

x+3x—5=143
(1+3)x—5=143

4x—5=143
4x—-5+5=143+5

4x =148

x =37

The measure of the first angle is 37°. The second angle is 3(37°) — 5° = 111° — 5° = 106°.

=  Compare the method you tried at the beginning of the problem with the algebraic method. What advantage
does writing and solving an equation have?

o Writing and solving an equation is a more direct method than the one | tried before. It allows me to
find the answer more quickly.

=  Could we have defined x to be the measure of the second angle? If so, what, if anything, would change?

o [fwe let x be the measure of the second angle, then the equation would change, but the answers for
the measures of the angles should remain the same.

=  [If x is the measure of the second angle, how would we write the measure of the first angle?

o The first angle would be %5

=  The equation that represents the situation is x + %5 = 143. How should we solve this equation?

o We could add the fractions together, then solve for x.
o We could multiply every term by 3 to change the fraction to a whole number.

= Using either method, solve the equation. Verify that the measures of the angles are the same as before.

a

x+5
x + =143
3 Scaffolding:
3x x+5 :
-4 =143 You may need to remind
3 3 students how to add fractions
3x+x+5 — 143 by rewriting term(s) as
3 equivalent fractions then
3x +x+5=143(3) adding the numerators.
3+ 1)x +5 = 429 Provide support as needed.
4x +5 =429
4x +5—-5=429-5
4x = 424
x =106
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OR

x+5
3<x+T=143)

3x+x+5=429

4x +5 =429
4x+5—-5=429-5

4x = 424

x =106

. . . 5 5
So, the measure of the second angle is 106°. The measure of the first angle is % = % = % =

37°.

=  Whether we let x represent the measure of the first angle or the second angle does not change our answers.
Whether we solve the equation using the first or second method does not change our answers. What matters
is that we accurately write the information in the problem and correctly use the properties of equality. You
may solve a problem differently than your classmates or teachers. Again, what matters most is that what you
do is accurate and correct.

Example 2 (12 minutes)

= Solve the following problem:

Example 2

Given a right triangle, find the measure of the angles if one angle is ten more than four times the other angle, and the
third angle is the right angle.

Give students time to work. As they work, walk around and identify students who are writing and solving the problem in
different ways. The instructional goal of this example is to make clear that there are different ways to solve a linear
equation as opposed to one “right way.” Select students to share their work with the class. If students do not come up
with different ways of solving the equation, talk them through the following student work samples.

Again, as students share their solutions, ask them a variety of questions to reinforce the concepts of the last few lessons.
For example, you can ask students to discuss whether or not this is a linear equation and how they know, to justify their
steps and explain why they chose their particular first step, to explain what the solution means, or to justify how they
know their answer is correct.

EUREKA Lesson 5: Writing and Solving Linear Equations
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org

54


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS

Lesson 5 m 0

Solution One

this right triangle is x + 4x + 10 + 90 = 180.

x+4x+10+90 =180

(1+4)x+ 100 =180

5x +100 = 180
5x+100—-100 = 180 — 100

5x =80

x =16

measure of the third angle is 90°.

Solution Two

x+4x+10 =90
(1+4)x+10=90

5x+10 =90
5x+10-10=90-10

5x =80

x =16

measure of the third angle is 90°.

Solution Three

Let x be the measure of the second angle. Then, the first angle is T

x—10_
R

X+ 90

x 0
4(x+ :90)
4x+x—10 =360
(4+1)x—10 =360

5x—10 =360
5x—-10+10 =360+ 10

5x =370

x =174

The measure of the second angle is 74°, the measure of the first angle is

third angle is 90°.

Let x be the measure of the first angle. Then, the second angle is 4x + 10. The sum of the measures for the angles for

The measure of the first angle is 16°, the measure of the second angle is 4(16°) + 10°

Let x be the measure of the first angle. Then, the second angle is 4x + 10. Since we have a right triangle, we already
know that one angle is 90°, which means that the sum of the other two angles is 90: x + 4x + 10 = 90.

The measure of the first angle is 16°, the measure of the second angle is 4(16°) + 10°

Since we have a right triangle, we already know

that one angle is 90°, which means that the sum of the other two angles is 90: x +

74°+10°

64° + 10° = 74°, and the

64° + 10° = 74°, and the

x—10 _
b 90.
64°
= p = 16°, and the measure of the
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Solution Four

x—10

x+T+90:180.
x—10
x+ +90 =
x—10
x+ +90—-90 =
+x—10
X =
4
4x+x—10_
4 4
4x+x—10_
7 =
4x+x—-10 =
5*—10+10 =
5x =
X =

third angle is 90°.

x—
Let x be the measure of the second angle. Then, the first angle is

The measure of the second angle is 74°, the measure of the first angle is

10
. The sum of the three angles is
180
180 — 90
90
90
90
360
360+ 10
370
74
74°+10°  64°
T = p = 16°, and the measure of the

Make sure students see at least four different methods of solving the problem. Conclude this example with the

statements below.

=  Each method is slightly different either in terms of how the variable is defined or how the properties of
equality are used to solve the equation. The way you find the answer may be different than your classmates or

your teacher.

=  Aslong as you are accurate and do what is mathematically correct, you will find the correct answer.

Example 3 (4 minutes)

= A pair of alternate interior angles are described as follows. One angle measure is fourteen more than half a
number. The other angle measure is six less than half that number. Are the angles congruent?

= We will begin by assuming that the angles are congruent.

about their measures?
o |t means that they are equal in measure.
= Write an expression that describes each angle.

o

Lesson 5:
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=  |fthe angles are congruent, we can write the equation as g +14 = g — 6. We know that our properties of

equality allow us to transform equations while making sure that they remain true.

Xr1a=2_¢

2 T2
X i =2_%_
2 2 2 2

14 + —6

Therefore, our assumption was not correct, and the angles are not congruent.

Exercises 1-6 (16 minutes)

Students complete Exercises 1-6 independently or in pairs.

Exercises
For each of the following problems, write an equation and solve.

1. A pair of congruent angles are described as follows: The measure of one angle is three more than twice a number,
and the other angle’s measure is 54. 5 less than three times the number. Determine the size of the angles.

Let x be the number. Then, the measure of one angle is 3 + 2x, and the measure of the other angle is 3x — 54.5.
Because the angles are congruent, their measures are equal. Therefore,

3+2x=3x—-54.5
3+2x—2x=3x—2x—-54.5

3=x-54.5
3+54.5=x—-54.5+54.5
57.5=x

Then, each angle is 3 + 2(57.5°) = 3° + 115° = 118°.

2. The measure of one angle is described as twelve more than four times a number. Its supplement is twice as large.
Find the measure of each angle.

Let x be the number. Then, the measure of one angle is 4x + 12. The other angle is 2(4x + 12) = 8x + 24. Since
the angles are supplementary, their sum must be 180°.
4x+ 12+ 8x + 24 =180
12x + 36 = 180
12x +36 — 36 = 180 — 36
12x = 144
x =12

The measure of one angle is 4(12°) + 12° = 48° + 12° = 60°, and the measure of the other angle is
180° — 60° = 120°.
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A triangle has angles described as follows: The measure of the first angle is four more than seven times a number,
the measure of the second angle is four less than the first, and the measure of the third angle is twice as large as the
first. What is the measure of each angle?

Let x be the number. The measure of the first angle is 7x + 4. The measure of the second angle is 7x + 4 — 4 = 7x.
The measure of the third angle is 2(7x + 4) = 14x + 8. The sum of the angles of a triangle must be 180°.
7x+4+7x+ 14x + 8 = 180
28x+ 12 =180
28x+12—-12 =180 - 12
28x = 168
xX=6

The measure of the first angle is 7(6°) + 4° = 42° + 4° = 46°. The measure of the second angle is 7(6°) = 42°.
The measure of the third angle is 2(46°) = 92°.

One angle measures nine more than six times a number. A sequence of rigid motions maps the angle onto another
angle that is described as being thirty less than nine times the number. What is the measure of the angle?

Let x be the number. Then, the measure of one angle is 6x + 9. The measure of the other angle is 9x — 30. Since
rigid motions preserve the measures of angles, then the measure of these angles is equal.

6x+9=9x—30
6x+9—-9=9x-30-9

6x = 9x — 39
6x —9x = 9x — 9x — 39
—3x=-39
x =13

The angles measure 6(13°) + 9° = 78° + 9° = 87°.

A right triangle is described as having an angle of measure “six less than negative two times a number,” another
angle measure that is “three less than negative one-fourth the number,” and a right angle. What are the measures
of the angles?

Let x be a number. Then, the measure of one angle is —2x — 6. The measure of the other angle is — % — 3. The sum

of the two angles must be 90°.

—2x—6+(—%)—3=90

(%) (-9

9x
<_T)_9+9:90+9

9x
—T = 99
—9x = 396
x =—44

The measure of one of the angles is —2(—44°) — 6° = 88° — 6° = 82°. The measure of the other angle is
90° — 82° = 8°.
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6.  One angle is one less than six times the measure of another. The two angles are complementary angles. Find the
measure of each angle.

Let x be the measure of the first angle. Then, the measure of the second angle is 6x — 1. The sum of the measures
will be 90 because the angles are complementary.

x+6x—1=90

7x—1=90
7x—1+1=90+1

7x =91

x =13

The measure of one angle is 13°, and the measure of the other angle is 6(13°) — 1° = 78° — 1° = 77°.

Closing (4 minutes)
Summarize, or ask students to summarize, the main points from the lesson:
=  We know that an algebraic method for solving equations is more efficient than guessing and checking.

=  We know how to write and solve equations that relate to angles, triangles, and geometry, in general.

=  We know that drawing a diagram can sometimes make it easier to understand a problem and that there is
more than one way to solve an equation.

Exit Ticket (4 minutes)
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Name Date

Lesson 5: Writing and Solving Linear Equations

Exit Ticket

For each of the following problems, write an equation and solve.

1. Given aright triangle, find the measures of all the angles if one angle is a right angle and the measure of the second
angle is six less than seven times the measure of the third angle.

2. Inatriangle, the measure of the first angle is six times a number. The measure of the second angle is nine less than
the first angle. The measure of the third angle is three times the number more than the measure of the first angle.
Determine the measure of each angle.
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Exit Ticket Sample Solutions

For each of the following problems, write an equation and solve.

1.  Given aright triangle, find the measures of all of the angles if one angle is a right angle and the measure of a second
angle is six less than seven times the measure of the third angle.
Let x represent the measure of the third angle. Then, 7x — 6 can represent the measure of the second angle. The
sum of the two angles in the right triangles will be 90°.

7x—6+x=90

8x—-6=90
8x—6+6=90+6

8x =96

8 96

8° "8

x =12

The measure of the third angle is 12°, and the measure of the second angle is 7(12°) — 6° = 84° — 6° = 78°. The
measure of the third angle is 90°.

2. Inatriangle, the measure of the first angle is six times a number. The measure of the second angle is nine less than
the first angle. The measure of the third angle is three times the number more than the measure of the first angle.

Determine the measure of each angle.

Let x be the number. Then, the measure of the first angles is 6x, the measure of the second angle is 6x — 9, and the
measure of the third angle is 3x + 6x. The sum of the measures of the angles in a triangle is 180°.

6x+6x—9+3x+ 6x =180

21x—9 =180
21x-9+9=180+9
21x = 189
21 189
S =22
21 21
x=9

The measure of the first angle is 6(9°) = 54°. The measure of the second angle is 54° — 9° = 45°. The measure of
the third angle is 54° + 3(9°) = 54° + 27° = 81°.

Note to teacher: There are several ways to solve problems like these. For example, a student may let x be the measure
of the first angle and write the measure of the other angles accordingly. Either way, make sure that students are
defining their symbols and correctly using the properties of equality to solve.
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Problem Set Sample Solutions

Students practice writing and solving linear equations.

For each of the following problems, write an equation and solve.

1. The measure of one angle is thirteen less than five times the measure of another angle. The sum of the measures of
the two angles is 140°. Determine the measure of each angles.

Let x be the measure of the one angle. Then, the measure of the other angle is 5x — 13.

x+5x—13 =140

6x —13 = 140
6x—13+ 13 =140+ 13

6x =153

x =25.5

The measure of one angle is 25. 5°, and the measure of the other angle is 140° — 25.5° = 114.5°.

2.  Anangle measures seventeen more than three times a number. Its supplement is three more than seven times the
number. What is the measure of each angle?

Let x be the number. Then, the measure of one angle is 3x + 17. The measure of the other angle is 7x + 3. Since
the angles are supplementary, the sum of their measures will be 180.

3x+17+7x+3 =180

10x + 20 = 180
10x+20—20 =180 — 20

10x = 160

x =16

The measure of one angle is 3(16°) + 17° = 65°. The measure of the other angle is 180° — 65° = 115°.

3. The angles of a triangle are described as follows: 2A is the largest angle; its measure is twice the measure of 2B.
The measure of 2C is 2 less than half the measure of 2B. Find the measures of the three angles.

Let x be the measure of 2B. Then, the measure of £A = 2x, and £C = % — 2. The sum of the measures of the

angles must be 180°.
X
x+2x+5—2 =180

X
3x+5—2+2=180+2

x_
3x+E—182
6x x
7+§_182

7x

7:182

7x = 364

x =52

The measures of the angles are as follows: £A = 104°, B = 52°, and 4C = % —2°=26°—2°=24"°
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4. A pair of corresponding angles are described as follows: The measure of one angle is five less than seven times a
number, and the measure of the other angle is eight more than seven times the number. Are the angles congruent?
Why or why not?

Let x be the number. Then, the measure of one angle is 7x — 5, and the measure of the other angle is 7x + 8.
Assume they are congruent, which means their measures are equal.

7x—5=7x+8
7x—7x—5=7x—7x+8
—-5+8

Since —5 # 8, the angles are not congruent.

5. The measure of one angle is eleven more than four times a number. Another angle is twice the first angle’s
measure. The sum of the measures of the angles is 195°. What is the measure of each angle?

Let x be the number. The measure of one angle can be represented with 4x + 11, and the other angle’s measure
can be represented as 2(4x + 11) = 8x + 22.

4x + 11+ 8x+22 =195
12x + 33 =195

12x +33 -33 =195 -33
12x = 162
x=13.5

The measure of one angle is 4(13.5°) + 11° = 54° + 11° = 65°, and the measure of the other angle is 130°.

6. Three angles are described as follows: 2B is half the size of ZA. The measure of 2C is equal to one less than two
times the measure of ZB. The sum of ZA and 4B is 114°. Can the three angles form a triangle? Why or why not?

Let x represent the measure of £A. Then, the measure of 2B = %, and the measure of £C = 2 (’Z—C) —-1=x-1

The sumof ZA + 4B = 114.

x —
x+ 2= 114
3x
2= 114
3x =228
x=176
The measure of LA = 76°, LB = % = 38° and 4C = 75°. The sum of the three angles is 76° + 38° + 75° =

189°. Since the sum of the measures of the interior angles of a triangle must have a sum of 180°, these angles do
not form a triangle. The sum is too large.
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Lesson 6: Solutions of a Linear Equation

Student Outcomes
= Students transform equations into simpler forms using the distributive property.

= Students learn that not every linear equation has a solution.

Lesson Notes

The distributive property can be used to both expand and simplify expressions. Students have already used the
distributive property to “collect like terms.” For example, 2x + 6x = (2 + 6)x = 8x. Students have also used the
distributive property to expand expressions. For example, 2(x + 5) = 2x + 10. In this lesson, students continue to use
the distributive property to solve more complicated equations. Also highlighted in this lesson is a common error that

students make when using the distributive property, which is multiplying a factor to terms that are not part of the group.

For example, in the expression 3(x + 1) — 5, students should know that they do not distribute the factor 3 to the term
—5 because it is not in the group (x + 1).

Classwork
Example 1 (4 minutes)

*  What value of x would make the linear equation 4x + 3(4x + 7) = 4(7x + 3) — 3 true? What is the “best”
first step and why?

Have a discussion with students about what the “best” first step is and why. Make clear that the distributive property
will allow us to better see and work with the terms of the linear equation. Proceed with the following discussion.

=  |norder to find out what that solution might be, we must use the distributive property. The left side of the
equation has the following expression:
4x + 3(4x + 7).
Where and how will the distributive property be used?
o We will need to use the distributive property to expand 3(4x + 7) and then again to collect like terms.
= Qur work for now is just on the left side of the equation; the right side will remain unchanged for the moment.
4x +3(4x+7)=4(7x+3)-3
4x+12x+21=4(7x+3)—-3
(4+12)x+21=4(7x+3)—-3
16x+21=4(7x+3)-3
=  Now we need to rewrite the right side. Again we will use the distributive property. The left side of the
equation will remain unchanged.
16x+ 21 =4(7x+3)—3
16x +21 =28x+12-3

EUREKA Lesson 6: Solutions of a Linear Equation
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org

64


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 6 m 6

= Notice that we did not apply the distributive property to the term —3. Since it was not part of the group
(7x + 3), itis not multiplied by 4.

16x + 21 =28x+9
=  Now we have the transformed the given equation into the following form: 16x + 21 = 28x + 9. Solve the
equation.
@ Student work:
16x + 21 =28x+9
16x — 16x + 21 = 28x —16x+ 9

21=12x+9
21-9=12x+9-9

12 =12x

x=1

= Isx = 1 really a solution to the equation 4x + 3(4x + 7) = 4(7x + 3) — 3? How do you know?

©  Yes, x = 1is a solution because 4 + 3(11) = 37 and 4(10) — 3 = 37. Since both expressions are
equal to 37, then x = 1 is a solution to the equation.

Example 2 (4 minutes)

= What value of x would make the following linear equation true: 20 — (3x —9) — 2 = —(—11x + 1)? Since
we have a group of terms that is preceded by a “—” sign, we will simplify this first. The “—" sign means we
need to take the opposite of each of the terms within the group, i.e., parentheses.

=  We begin with the left side of the equation:

Scaffolding:
20-Bx=9)-2=—(-11x+1). The equation in this example
We need only to take the opposite of the terms within the grouping symbols. Is can be modified to 20 — (3x —
the term —2 within the grouping symbol? 9 + 1) = 10 to meet the needs

of diverse learners. Also,

consider having students fold a
=  For that reason, we need only find the opposite of 3x — 9. What is the opposite piece of paper in half, solve on

of 3x — 9?7 the left side, and justify their
®  The opposite of 3x — 9 is —3x + 9. steps on the right side.

= No.

=  The left side of the equation is rewritten as
20— B3x—9)—-2=—(—11x+1)
20-3x+9—-2=—(—11x+1)
20+9—-2—-3x=—(—11x + 1)
27 —3x = —(—11x + 1).

=  Now we rewrite the right side of the equation: —(—11x + 1).

27 —3x = —(=11x + 1)
27 —3x=11x — 1
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=  The transformed equationis 27 — 3x = 11x — 1.
27 =3x=11x—-1
27 —=3x+3x=11x+3x—1

27 =14x -1
27+1=14x—-1+1

28 = 14x

2=x

= Check: The leftsideis 27 — 3(2) = 27 — 6 = 21. Therightsideis 11(2) — 1 =22 — 1 = 21. Since 21 = 21,
x = 2 is the solution.

Example 3 (4 minutes)

1
= What value of x would make the following linear equation true: > (4x + 6) — 2 = —(5x 4+ 9)? Begin by

transforming both sides of the equation into a simpler form.

Scaffolding:

1 The equation in this example

E(4x.|_6)_2 =—(5x+9) can be modifiedto 2x + 1 =
2Jx+3—2=—5¢_9 —(5'x + 9) to meet the needs

of diverse learners.

o Student work:

. 1
Make sure that students do not distribute the factor 3 to the term —2, and that they have,

in general, transformed the equation correctly.
=  Now that we have the simpler equation, 2x + 3 — 2 = —5x — 9, complete the solution.
o Student work:
2x+3—-2=-5x-9
2x+1=-5x—-9
2x+1—-1=-5x-9-1
2x4+0=-5x—-10

2x = —=5x—10
2x +5x = =5x+5x—10
24+5x=(-5+5x—-10
7x = 0x — 10
7x = —10
7 10
7YT 77
10
=Ty
= Check: The left side is 2 (—2) +1=-247=_25 1he right side is —5 (—2) —9=2_2__5 gnce
7 7 7 7 7 77 7
13 13 10 . .
—— = ——,x = ——is the solution.
7 7 7
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Example 4 (11 minutes)

= Consider the following equation: 2(x + 1) = 2x — 3. What value of x makes the equation true?
@ Student work:
2+ 1) =2x-3
2x+2=2x-3
2x—2x+2=2x—-2x—3
2=-3

=  How should we interpret 2 = —3?

Lead a discussion with the conclusion that since 2 # —3, then the equation has no solution. Allow students time to try
to find a value of x that would make it true by guessing and checking. After they realize that there is no such number x,
m make it clear to students that some equations have no solution. Ask the following question.

=  Why do you think this happened?

o

We know that an equation is a statement of equality. The linear expressions were such that they could
L not be equal to each other, no matter what value was substituted for x.

=  What value of x would make the following linear equation true: Scaffolding:
9(4 — 2x) —3 =4 — 6(3x — 5)? Transform the equation by simplifying both '
sides. The equation in this example
can be modified to
9(4 — 2x) —3 =—18xto
9(4—-2x)—3=4-6(3x-5) meet the needs of diverse
36 —18x —3 = 4 — 18x + 30 learners.

o Student work:

Be sure to check that students did not subtract 4 — 6 on the right side, then distribute —2. This is a common error.

Remind students that we must multiply first, then add or subtract, just like we would to simply expressions using the
correct order of operations.

=  The transformed equation is 36 — 18x — 3 = 4 — 18x 4+ 30. Now complete the solution.
@ Student work:
36 —18x —3=4—-18x+ 30
33 —-18x =34 —18x
33 —18x + 18x = 34 — 18x + 18x
33 =34
Like the last problem, there is no value of x that can be substituted into the equation to make it true.
Therefore, this equation has no solution.

Write at least one equation that has no solution. It does not need to be complicated, but the result should be
similar to the last two problems. The result from the first equation was 2 # —3, and the second was 33 # 34.

Have students share their equations and verify that they have no solution.
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Example 5 (Optional — 4 minutes)
= So far we have used the distributive property to simplify expressions when solving equations. In some cases,
we can use the distributive property to make our work even simpler. Consider the following equation:
3x + 15 = —6.

Notice that each term has a common factor of 3. We will use the distributive property and what we know
about the properties of equality to solve this equation quickly.

3x+15=—-6

3(x+5)=3-(-2)
Notice that the expressions on both sides of the equal sign have a factor of 3. We can use the multiplication
property of equality, if A = B, thenA-C = B - C as follows:

3(x+5)=3-(-2)

x+5=-2
x+5-5=-2-5
x =-7.

=  This is not something that we can expect to do every time we solve an equation, but it is good to keep an eye
out for it.

Exercises 1-6 (12 minutes)

Students complete Exercises 1-6 independently.

Exercises
Find the value of x that makes the equation true.
1. 17-502x-9)=—-(—6x+10)+4

17 -5(2x—-9) = —(—6x+10) + 4

17-10x+45=6x—-10+4
62—-10x=6x—6

62 —10x+ 10x =6x+10x -6

62 =16x—-6
62+6=16x—-6+6

68 = 16x

68 16

16 16"

68

R=x

17

T=x

EUREKA Lesson 6: Solutions of a Linear Equation 68
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2.

~(x-7)+3=2(x+9)
5
—(x—7)+§=2(x+9)
5
—x+7+§=2x+18
26
—x+?:2x+18

26
—x+x+?=2x+x+18

26
?=3x+18
26
?—18=3x+18—18
28
—?=3x
1 -28 1
373 ~33%
28
RN

§+4(x—1)=29—8—(x—7x)+1

28
—+4(x—1)=?—(x—7x)+1

O b O &

28 4
+4(x—1)=?—6—(x—7x)+1

O »

24
4x—4=?—x+7x+1

33
4x—4=?+6x

33 36
4x—4+4=?+?+6x
4x=g+6x
9

69
4x—6x=?+6x—6x

23
T2=g

1 1 23

)
23
¥=-5

5B3x+4) —2x=7x—-3(—2x+11)

53x+4)—2x=7x—-3(-2x+11)
15x +20 — 2x = 7x + 6x — 33
13x+20 =13x—-33
13x —13x+20 = 13x —13x — 33
20 # —-33

This equation has no solution.
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5. 7x—(3x+5)—8=%(8x+20)—7x+5

1
7x—(3x+5)—8=E(8x+20)—7x+5

7x —3x—-5-8=4x+10—-7x+5
4x—13 =-3x+15
4x—-13+13=-3x+15+13

4x =-3x+ 28
4x+3x=-3x+3x+28

7x =28

x=4

6.  Write at least three equations that have no solution.

Answers will vary. Verify that the equations written have no solution.

Closing (5 minutes)
Summarize, or ask students to summarize, the following main points from the lesson:

=  We know how to transform equations into simpler forms using the distributive property.

=  We now know that there are some equations that do not have solutions.

Lesson Summary

The distributive property is used to expand expressions. For example, the expression 2(3x — 10) is rewritten as
6x — 20 after the distributive property is applied.

The distributive property is used to simplify expressions. For example, the expression 7x + 11x is rewritten as
(7 + 11)x and 18x after the distributive property is applied.

The distributive property is applied only to terms within a group:
4(3x+5)—2=12x+20—2.
Notice that the term —2 is not part of the group and, therefore, not multiplied by 4.

When an equation is transformed into an untrue sentence, such as 5 # 11, we say the equation has no solution.

Exit Ticket (5 minutes)
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Name Date

Lesson 6: Solutions of a Linear Equation

Exit Ticket

Transform the equation if necessary, and then solve to find the value of x that makes the equation true.

1. 5x—(x+3)=%(9x+18)—5

2. 53x+9)—2x=15x—-2(x—5)
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Transform the equation if necessary, and then solve to find the value of x that makes the equation true.
1L 5x—(x+3)=3(9x+18) -5

1
5x—(x+3)=§(9x+18)—5
5-x—-3=3x+6-5
4x—-3=3x+1
4x—-3x—-—3=3x—-3x+1
x—3=1

x—3+3=1+3
x=4

2. 53x+9) —-2x=15x—-2(x—5)
5(3x+9) —2x =15x—2(x —5)
15x + 45 —2x =15x - 2x + 10
13x +45=13x+ 10
45+ 10

Since 45 # 10, the equation has no solution.

Problem Set Sample Solutions

Students practice using the distributive property to transform equations and solve.

1. x—(9x—10)+11=12x+3(—2x+%)

1
x—(9x—10)+11=12x+3(—2x+§)

x—9x+10+11=12x—-6x+1
—8x+21=6x+1
—8x+8x+21=6x+8x+1

21=14x+1
21-1=14x+1-1
20 = 14x
20 14
12~ 12"
10
7=x

Transform the equation if necessary, and then solve it to find the value of x that makes the equation true.
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3.

4.

5.

2.

7x+8(x+%)=3(6x—9)—8

1
7x+8<x+z)=3(6x—9)—8
7x+8x+2=18x—-27-8

15x+2 =18x—35
15x —15x + 2 = 18x — 15x — 35

2=3x-35
2+35=3x—-35+35

37 =3x

37 3

3 3%

37

3=

—4x—2(8x+1) = —(-2x—10)

—4x—-2(8x+1) = —(—-2x—10)
—4x—16x—-2=2x+10
—20x—-2=2x+10
—20x+20x —2 =2x+20x+ 10

-2=22x+10
-2-10=22x+10-10
-12 =22x
12 22
“22” 22"
6
—=x

11(x +10) = 132

11(x + 10) = 132

(1—11) 11(x 4+ 10) = (1—11) 132

x+10=12
x+10-10=12-10
x=2
37x+%—(x+%)=9(4x—7)+5
37x+1—(x+1)=9(4x—7)+5
2 4
1 1
37x+2—x—z=36x—63+5

1
36x+Z:36x—58
1
36x—36x+Z=36x—36x—58
1;& 58
4

This equation has no solution.
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7. 8(2x+9) =56

6. 3(2x—-14)+x=15-(—9x—-5)

32x—14)+x=15—-(—9x—-5)
6x—42+x=15+9x+5
7x —42 =20+ 9x
Tx—7x—42=20+9x - 7x
—42 =20+ 2x
—42 —-20=20-20+ 2x
—62 =2x
-31=x

8(2x+9) =56

1 1
(5)8@x+9) = (5) 56
2x+9=7
2x+9-9=7-9
2x = -2

1 1
(5)2":(5)‘2

x=-1
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E Lesson 7: Classification of Solutions

Student Outcomes

= Students know the conditions for which a linear equation will have a unique solution, no solution, or infinitely
many solutions.

Lesson Notes

Part of the discussion on the second page in this lesson is optional. The key parts of the discussion are those that point
out the characteristics of the constants and coefficients of an equation that allow students to see the structure in
equations that lead to a unique solution, no solution, or infinitely many solutions. You can choose to go through the
discussion with your students or choose to use the activity at the top of the fourth page of this lesson. The activity
requires students to examine groups of equations and make conclusions about the nature of their solutions based on
what they observe, leading to the same result as discussion.

Classwork
Exercises 1-3 (6 minutes)

Students complete Exercises 1-3 independently in preparation for the discussion that follows.

Exercises

Solve each of the following equations for x.
1. 7x—-3=5x+5
7x—3=5x+5
7x—3+3=5x+5+3

7x =5x+8

7x —5x=5x—-5x+8
2x =8
x=4

2. 7x—-3=7x+5

7x—3=7x+5
7x—7x—-3=7x—-7x+5
—3+5

This equation has no solution.
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3. 7x-3=-3+7x

7x—3=-3+7x
7x—3+3=-3+3+7x
Tx =7x

OR

7x—3=-3+7x
7x—7x—3=-3+7x—-7x
-3=-3

Discussion (15 minutes)

Display the three equations so that students can easily see and compare them throughout the discussion.

7x —3=5x+4+5 7x —3=7x+5 7x —3=-3+7x

= Was there anything new or unexpected about Exercise 1?
o No. We solved the equation for x, and x = 4.
You may choose to continue with the discussion of Exercise 1 or complete the activity described at the end of the
Discussion on page 78. Be sure to revisit Exercises 2 and 3 and classify the solution to those equations.
=  What can you say about the coefficients of terms with x in the equation?
o They are different.
= Do you think any number other than 4 would make the equation true?
o [don’t think so, but | would have to try different numbers to find out.

=  [Instead of having to check every single number to see if it makes the equation true, we can look at a general
form of an equation to show that there can be only one solution.

= Given a linear equation that has been simplified on both sides, ax + b = cx + d, where a, b, ¢, and d are
constants and a # ¢, we can use our normal properties of equality to solve for x.
ax+b=cx+d
ax+b—b=cx+d-b
ax=cx+d-»b
ax—cx=cx—cx+d—-»b
(a—c)x=d-»b

a—c _d—b
a—c a-c
d—>b

X =
a—c

=  The only value of x that will make the equation true is the division of the difference of the constants by the
difference of the coefficients of x. In other words, if the coefficients of x are different on each side of the
equal sign, then the equation will have one solution.

EUREKA Lesson 7: Classification of Solutions 6
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= As an aside, if the coefficients of x are different and the value of the constants are the same, the only solution
is x = 0. Consider the following equation:

2x+ 12 =x+12
2x+12—-12=x+12-12
2x =x
2X—x=x—Xx
x =0.
= The only value of x that will make 2x + 12 = x + 12 true, isx = 0.
= Was there anything new or unexpected about Exercise 2?

@ No. We tried to solve the equation and got an untrue statement, —3 # 5; therefore, the equation had
no solutions.

=  What can you say about the coefficients of the terms with x in the second equation?
o The coefficients were the same.

=  What can you say about the constants in the second equation?
o The constants were different.

= |tistime to begin formalizing what we have observed as we have solved equations. To begin with, we have
learned that some linear equations have no solutions. That is, when we solve an equation using our properties
of equality and end up with a statement like a = b, where a and b are different numbers, we say that the
equation has no solution.

= To produce and/or recognize an equation with no solutions, consider the equation with both sides simplified.
The coefficients of the variable x will be the same on both sides of the equal sign, and the value of the
constants on each side will be different. This type of equation has no solution because there is no value of x in
an equation such as x + a = x + b that will make the equation true.

Give students a moment to compare the equation x + a = x + b with Exercise 2.

= Was there anything new or unexpected about Exercise 3?
o Yes. When solving the equation, we got —3 = —3, which did not give us a value for x.
@ Yes. When solving the equation, we got to 7x = 7x, and we weren’t sure what to do next or what it
meant.

Provide students with time to discuss in small groups how they should interpret the meaning of such statements.
Students have yet to work with equations that yield such results, and they need the time to make sense of the
statements. If necessary, ask the questions in the next two bullet points to guide their thinking. Give them time to try
different values of x in both equations to verify that it is always true. Next, have students share their thoughts and
interpretations and resume the discussion below.
= |s—3 = —3 atrue statement? Is it always true?
o Yes.
= |f 7x = 7x, will we always have an equality, no matter which number we choose for x?
@ Yes. This is an identity because the same expression is on both sides of the equal sign.
=  What can you say about the coefficients of the terms with x in the equation in Exercise 3?

@ The coefficients are the same.
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=  What can you say about the constants in the equation?
o The constants are the same.

=  We now know that there are equations that produce statements that are always true. That is, —3 will always
equal —3, 0 will always equal 0, and 7x will always equal 7x, no matter what number x happens to be
(because 7 times a number is just a number). When we solve an equation using our properties of equality and
end up with a statement like a = a where a is a number, then we say that the equation has infinitely many
solutions.

=  To produce and/or recognize an equation with infinitely many solutions, the coefficients of the variable x and
the value of the constants will be the same in the simplified expressions on both sides of the equal sign. This
type of equation has infinitely many solutions because any value of x in an equation like x + a = x + a will
make the equation true.

Give students a moment to compare the equation x + a = x + a with Exercise 3.

[ Activity: Display the table below. Provide students time to work independently to solve the equations; then, allow them
to work in small groups to generalize what they notice about each of the equations. That is, they should answer the
question: What can we see in an equation that will tell us about the solution to the equation?

3x+4=8x—-9 6x+5=8+ 6x 10x —4 =—-4+ 10x
—4x—-5=6—11x 12 —15x = -2 — 15x —2x+5=-2x+5
m 1 5 5 74+9%x=9x+7
+2x X 4x 1 1+4x

The goal of the activity is for students to make the following three observations. (1) In equations where both sides are
simplified and the coefficients of x and the constants in the equation are unique, i.e., ax + b = cx + d, there will be a

. L d—b _ . ) - L
unique solution, i.e., x = = asin the first column. (2) Similarly, we want students to observe that when an equation is

of the form x + b = x + ¢, that there will be no solution, as in the second column. (3) Lastly, when an equation is of the
L form x 4+ a = x + a, then there are infinitely many solutions, as in the third column.

Exercises 4-10 (14 minutes)

Students complete Exercises 4—10 independently or in pairs.

Give a brief explanation as to what kind of solution(s) you expect the following linear equations to have. Transform the
equation into a simpler form if necessary.

4, 11x—-2x+15=8+7+9x

If I use the distributive property on the left side, I notice that the coefficients of the x are the same, specifically 9,
and when | simplify the constants on the right side, | notice that they are the same. Therefore, this equation has
infinitely many solutions.

5. 3(x—14)+1=—-4x+5

If I use the distributive property on the left side, | notice that the coefficients of x are different. Therefore, the
equation has one solution.

EUREKA Lesson 7: Classification of Solutions 8
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6. —3x+32—7x=—2(5x+ 10)

If I use the distributive property on the each side of the equation, | notice that the coefficients of x are the same, but
the constants are different. Therefore, this equation has no solutions.

1
7. E(8x+26) =13 +4x

If I use the distributive property on the left side, | notice that the coefficients of x are the same, specifically 4, and
the constants are also the same, 13. Therefore, this equation has infinitely many solutions.

8.  Write two equations that have no solutions.

Answers will vary. Verify that students have written equations where the coefficients of x on each side of the equal
sign are the same and that the constants on each side are unique.

9.  Write two equations that have one unique solution each.

Answers will vary. Accept equations where the coefficients of x on each side of the equal sign are unique.

10. Write two equations that have infinitely many solutions.

Answers will vary. Accept equations where the coefficients of x and the constants on each side of the equal sign are
the same.

Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

=  We know that equations will either have a unique solution, no solution, or infinitely many solutions.

=  We know that equations with no solution will, after being simplified on both sides, have coefficients of x that
are the same on both sides of the equal sign and constants that are different.

=  We know that equations with infinitely many solutions will, after being simplified on both sides, have
coefficients of x and constants that are the same on both sides of the equal sign.

Lesson Summary

There are three classifications of solutions to linear equations: one solution (unique solution), no solution, or
infinitely many solutions.

Equations with no solution will, after being simplified, have coefficients of x that are the same on both sides of the
equal sign and constants that are different. For example, x + b = x + ¢, where b and c are constants that are not
equal. A numeric exampleis 8x + 5 = 8x — 3.

Equations with infinitely many solutions will, after being simplified, have coefficients of x and constants that are
the same on both sides of the equal sign. For example, x + a = x + a, where a is a constant. A numeric example is
6x+1=1+6x.

Exit Ticket (5 minutes)
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Name Date

Lesson 7: Classification of Solutions

Exit Ticket

Give a brief explanation as to what kind of solution(s) you expect the following linear equations to have. Transform the
equation into a simpler form if necessary.

1. 3(6x +8) =24+ 18x

2. 12(x+8)=11x-5

3. 5x—8=11—-7x+12x
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Exit Ticket Sample Solutions

Give a brief explanation as to what kind of solution(s) you expect the following linear equations to have. Transform the
equation into a simpler form if necessary.

1. 3(6x+8)=24+18x

If I use the distributive property on the left side, I notice that the coefficients of x are the same, and the constants
are the same. Therefore, this equation has infinitely many solutions.

2. 12(x+8)=11x-5

If I use the distributive property on the left side, | notice that the coefficients of x are different, and the constants are
different. Therefore, this equation has a unique solution.

3. 5x—-8=11-7x+12x

If I collect the like terms on the right side, | notice that the coefficients of x are the same, but the constants are
different. Therefore, this equation has no solution.

Problem Set Sample Solutions

Students apply their knowledge of solutions to linear equations by writing equations with unique solutions, no solutions,
and infinitely many solutions.

1. Give a brief explanation as to what kind of solution(s) you expect for the linear equation 18x + % = 6(3x + 25).
Transform the equation into a simpler form if necessary.

If I use the distributive property on the right side of the equation, I notice that the coefficients of x are the same, but
the constants are different. Therefore, this equation has no solutions.

2.  Give a brief explanation as to what kind of solution(s) you expect for the linear equation 8 — 9x = 15x + 7 + 3x.
Transform the equation into a simpler form if necessary.

If I collect the like terms on the right side of the equation, then I notice that the coefficients of x are different and so
are the constants. Therefore, this equation will have a unique solution.

3.  Give a brief explanation as to what kind of solution(s) you expect for the linear equation 5(x + 9) = 5x + 45.
Transform the equation into a simpler form if necessary.

This is an identity under the distributive property. Therefore, this equation will have infinitely many solutions.

4.  Give three examples of equations where the solution will be unique, that is, only one solution is possible.

Accept equations where the coefficients of x on each side of the equal sign are unique.

5.  Solve one of the equations you wrote in Problem 4, and explain why it is the only solution.

Verify that students solved one of the equations. They should have an explanation that includes the statement that
there is only one possible number that could make the equation true. They may have referenced one of the simpler
forms of their transformed equation to make their case.

EUREKA Lesson 7: Classification of Solutions 31
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 7 m 6

6.  Give three examples of equations where there will be no solution.

Accept equations where the coefficients of x on each side of the equal sign are the same, and the constants on each
side are unique.

7.  Attempt to solve one of the equations you wrote in Problem 6, and explain why it has no solution.

Verify that students have solved one of the equations. They should have an explanation that includes the statement
about getting a false equation, e.g., 6 # 10.

8.  Give three examples of equations where there will be infinitely many solutions.

Accept equations where the coefficients of x and constants on each side of the equal sign are the same.

9. Attempt to solve one of the equations you wrote in Problem 8, and explain why it has infinitely many solutions.

Verify that students have solved one of the equations. They should have an explanation that includes the statement
about the linear expressions being exactly the same, an identity; therefore, any rational number x would make the
equation true.
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Lesson 8: Linear Equations in Disguise

Student Outcomes

=  Students rewrite and solve equations that are not obviously linear equations using properties of equality.

Lesson Notes

In this lesson, students learn that some equations that may not look like linear equations are, in fact, linear. This lesson
on solving rational equations is included because of the types of equations students will see in later topics of this module
related to slope. Students will recognize these equations as proportions. It is not necessary to refer to these types of
equations as equations that contain rational expressions. They can be referred to simply as proportions since students
are familiar with this terminology. Expressions of this type will be treated carefully in algebra as they involve a
discussion about why the denominator of such expressions cannot be equal to zero. That discussion is not included in
this lesson.

Classwork
Concept Development (3 minutes)
=  Some linear equations may not look like linear equations upon first glance. A simple example that you should
recognize is
x 6
512
=  What do we call this kind of problem, and how do we solve it?
v This is a proportion. We can solve this by multiplying both sides of the equation by 5. We can also
solve it by multiplying each numerator with the other fraction’s denominator.

Students may not think of multiplying each numerator with the other fraction’s denominator because multiplying both
sides by 5 requires fewer steps and uses the multiplication property of equality that has been used to solve other
equations. If necessary, state the theorem and give a brief explanation.

THEOREM. Given rational numbers A4, B, C, and D, so that B # 0 and D # 0, the property states

A Cc
If —= —, then AD = BC.
B D

=  To find the value of x, we can multiply each numerator by the other fraction’s denominator.

X 6
5 12
12x = 6(5)
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= It should be more obvious now that we have a linear equation. We can now solve it as usual using the
properties of equality.

12x = 30
30
T1n
5
*=2

= In this lesson, our work will be similar, but the numerator and/or the denominator of the fractions may contain
more than one term. However, the way we solve these kinds of problems remains the same.

Example 1 (5 minutes)

=  Given a linear equation in disguise, we will try to solve it. To do so, we must first assume that the following
equation is true for some number x.

1
x—1 x+ 3
2 4
=  We want to make this equation look like the linear equations we are used to. For that reason, we will multiply
both sides of the equation by 2 and 4, as we normally do with proportions:

2<x+%)=4(x—1).

= Is this a linear equation? How do you know?

o Yes, this is a linear equation because the expressions on the left and right of the equal sign are linear
expressions.

= Notice that the expressions that contained more than one term were put in parentheses. We do that so we do
not make a mistake and forget to use the distributive property.

=  Now that we have a linear equation, we will use the distributive property and solve as usual.

2(x+l>=4(x—1)

3

2
2x+§=4x—4

2

2x—2x+§=4x—2x—4

2

§=2x—4
2
§+4=2x—4+4

14

?=2x
114 1
23°7%

7

§=x

EUREKA Lesson 8: Linear Equations in Disguise 24
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS

=  How can we verify that g is the solution to the equation?

o We can replace x with g in the original equation.

1
x_1_x+§
2 4
7 7 1
3-! 3%3
2 4
4 8
3 __3
2 4
+(3)=2(3)
3/ "\3
16 1
3 3

. 7 . _ . .
=  Since 3 made the equation true, we know it is a solution to the equation.

Example 2 (4 minutes)

= Can we solve the following equation? Explain.

1
5% 2x+9
7 3
o We need to multiply each numerator with the other fraction’s denominator.
. So,
1
5% 2x+9
7 3

72x +9) = 3(%—x>.

=  What would be the next step?
o Use the distributive property.

EUREKA
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= Now we have

72x +9) =3(%—x)

14x + 63 =§—3x
3
14x+3x+63=§—3x+3x
3
17x + 63 =§
3
17x+63—63=§—63
3 315
17x=§—T
312
17x——T
1 312\ 1
7m0 = (55
312
x——g.

= Is this a linear equation? How do you know?

o Yes, this is a linear equation because the left and right side are linear expressions.

Example 3 (5 minutes)

= Can we solve the following equation? If so, go ahead and solve it. If not, explain why not.

Example 3
Can this equation be solved?

6+x

7=
7x+§

3
8

Give students a few minutes to work. Provide support to students as needed.

o Yes, we can solve the equation because we can multiply each numerator with the other fraction’s
denominator and then use the distributive property to begin solving it.
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6 +x _3
278
7x+§

2
(6+x)8=<7x+§)3
48+ 8x=21x+2

48 +8x —8x =21x—8x+ 2

48 =13x+2
48—-2=13x+2-2

46 = 13x

46

sz

Example 4 (5 minutes)

= Can we solve the following equation? If so, go ahead and solve it. If not, explain why not.

Example 4

Can this equation be solved?

w
=
+
©
| =

Give students a few minutes to work. Provide support to students as needed.

o Yes, we can solve the equation because we can multiply each numerator with the other fraction’s

denominator and then use the distributive property to begin solving it.

7 1
3x+9 8
7(8) = Bx + 9)1
56 =3x+9
56-9=3x+9-9
47 = 3x
47
3=
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Example 5 (5 minutes)

Lesson 8 m 0

Example 5

In the diagram below, A ABC~ A A'B’C’. Using what we know about similar triangles, we can determine the value of x.

= Begin by writing the ratios that represent the corresponding sides.

x—2_x+2
9.5 12

It is possible to write several different proportions in this case. If time, discuss this fact with students.

= Now that we have the ratios, solve for x and find the lengths of AB and AC.

x—2 x+2
95 12
(x—2)12=9.5(x+2)
12x — 24 =9.5x + 19
12x — 24+ 24 =9.5x + 19 + 24
12x =9.5x + 43
12x —9.5x =9.5x — 9.5x + 43

2.5x =43
43
*=2s
x=17.2

The length of |AB| = 15.2 c¢m, and the length of |AC| = 19.2 cm.
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Exercises 1-4 (8 minutes)

Students complete Exercises 1-4 independently.

Lesson 8 m 0

Exercises

Solve the following equations of rational expressions, if possible.

2x+1 1-x
9 6
2x+1 1—x
9 6
9(1—-x)=(2x+1)6
9-9x=12x+6
9-9x+9x=12x+9x+ 6
9=21x+6
9-6=21x+6-6
3=21x
3 21
21 21"
1
;:x
). 5+2x:9
3x—-1 7
5+2x 6
3x—1 7

(5+2x)7=Bx—-1)6
354+14x=18x—-6
35-35+14x=18x—-6—35
14x = 18x — 41
14x — 18x = 18x — 18x — 41

—4x = —41

—4 —41

iy
4
=g

1
x+9  ~2x-3

12 3

1
x+9=—ZX—§
12 3

12 (—Zx - %) =(x+9)3

—24x -6 =3x + 27
—24x +24x — 6 = 3x + 24x + 27

-6 =27x+27
-6-27=27x+27-27
-33=27x
-33 27
27 " 27"
11
-5
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3 -4x 2x+%

8 5
3 —4x

1
4
1
8(2x+z) = (3 —4x)5

2x +

16x+2 =15-20x
16x+2—-2=15-2-20x
16x =13 — 20x
16x + 20x = 13 — 20x + 20x

36x = 13
36 13
36" " 36
13
=36

Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:
=  We know that proportions that have more than one term in the numerator and/or denominator can be solved
the same way we normally solve a proportion.

=  When multiplying a fraction with more than one term in the numerator and/or denominator by a number, we
should put the expressions with more than one term in parentheses so that we are less likely to forget to use
the distributive property.

Lesson Summary

Some proportions are linear equations in disguise and are solved the same way we normally solve proportions.

When multiplying a fraction with more than one term in the numerator and/or denominator by a number, put the
expressions with more than one term in parentheses so that you remember to use the distributive property when
transforming the equation. For example:

x+4 3

2x—-5 5
5(x+4) =3(2x-5).

The equation 5(x + 4) = 3(2x — 5) is now clearly a linear equation and can be solved using the properties of
equality.

Exit Ticket (5 minutes)
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Name

Lesson 8: Linear Equations in Disguise

Exit Ticket

Solve the following equations for x.
5x — 8 11x -9
3 5

x+11 2x +1

7 -8

—-x -2 3x+6
-4 2
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Exit Ticket Sample Solutions

Lesson 8 m 0

Solve the following equations for x.

5*-8 11x-9
3 5

5*—8 11x-9
3 "5
5(5x—8) =3(11x—-9)
25x — 40 = 33x — 27
25x —25x — 40 = 33x — 25x — 27

—40 = 8x — 27
—40 + 27 =8x — 27 + 27
—-13 =8x
13
—?=x

x+11 2x+1

7 -8
x+11 2x+1
7 T 8
72x+1) =-8(x+11)
14x +7 = —8x — 88
14x+7—-7=-8x—-88—-7
14x = —8x — 95
14x + 8x = —8x + 8x — 95
22x = -95
95
=722
-x—2 3x+6
T4 T2

-x—2 3x+6
—F T2
—4(3x+6) =2(—x—2)
—12x—-24=-2x—4
—12x - 24 +24 =-2x—4+ 24
—12x = -2x + 20
—12x +2x = —2x + 2x + 20
—10x =20

x=-2
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Problem Set Sample Solutions

Students practice solving equations with rational expressions, if a solution is possible.

Lesson 8 m 0

Solve the following equations of rational expressions, if possible. If the equation cannot be solved, explain why.
5 -1
1. =
6x—-2 x+1
5 -1
6x—2 x+1
5x+1)=-1(6x—-2)
5x+5=—-6x+2
5*+5-5=—-6x+2-5
5x=—-6x-3
5x +6x =—-6x+6x—3
11x = -3
3
=11
4-x 7x-1
2. —=
8 3
4-x T7x-1
8 3
8(7x—1)=(4—-x)3
56x -8 =12 —3x
56x-8+8=12+4+8—-3x
56x =20 —3x
56x +3x=20-3x+3x
59x = 20
59 20
59% " 59
20
*=59
3x 5
3. x+2 9
3x 5
x+2=§
9(3x) = (x+2)5
27x=5x+10
27x—5x=5x—-5x+10
22x =10
22 10
22" " 22
5
1
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3(x—3)=2<%x+6)
3x-9=x+12
3x-94+9=x+12+9
3x=x+21
3x—x=x—x+21
2x =21
21

*=3

7-2x x-5

6 1
6(x—5)=(7-2x)1
6x—30=7-2x

6x—30+30=7+30—-2x

6x =37 — 2x
6x +2x =37 —2x + 2x
8x =37
8 37
8° "8
37
=g

2x+5_3x—2

2x+5 3x-—-2

2 "6
2(3x—2)=6(2x+5)

6x—4=12x+ 30
6x—4+4=12x+30+4

6x = 12x + 34
6x —12x = 12x — 12x + 34
—6x = 34
34
=7
17
T3
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6x+1 9-—x
3 7
(6x+1)7=3(9—x)
42x+7 =27 -3x
42x+7—-7=27—-7-3x
42x =20 — 3x
42x+3x =20 —-3x + 3x
45x =20
45 20
5%~ 15
4

*=3

1
3x-8 _—2-x

1
g¥x—8 —2—x

12 15

12(-2—x) = (%x — 8) 15
—24 —12x = 5x—120
—24—-12x+12x =5x+ 12x — 120
—24=17x-120
—24+120=17x—-120+120
96 = 17x
96 17
17 17"
96 _

ﬁ—x

©
=W
I|I
R IR
Il
NIw

3—-x 3
1-x 2
B-x)2=(01-x)3
6—2x=3-3x
6—2x+2x=3-3x+2x
6=3—-x
6-3=3-3—x
3=—x
-3=x
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10.

In the diagram below, A ABC~ A A'B’'C’. Determine the lengths of AC and BC.

x+4-_3x—2

45 9
9(x+4) =4.5(3x—2)
9x+36=13.5x—9

9x+36+9=13.5x—-9+9
9x +45 = 13.5x
9x —9x + 45 =13.5x — 9x
45 =4.5x
10=x

The length of |AC| = 14 cm, and the length of |BC| = 28 cm.
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E Lesson 9: An Application of Linear Equations

Student Outcomes

=  Students know how to rewrite an exponential expression that represents a series as a linear equation.

Lesson Notes

The purpose of this lesson is to expose students to applications of linear equations. The discussion below revisits the
Facebook problem from Module 1, but this time in the context of a linear equation. This is an opportunity to highlight
MP 1: Make sense of problems and persevere in solving them, as the discussion requires students to work with
equations in ways they have not before. If you feel that the discussion is too challenging for your students, you can
choose to use the series of more accessible applications of linear equations (Exercises 3—11) beginning on page 100.

Classwork
Discussion (30 minutes)

=  |In Module 1, you saw the following problem:

You sent a photo of you and your family on vacation to seven Facebook friends. If each of them sends it to five
of their friends, and each of those friends sends it to five of their friends, and those friends send it to five
more, how many people (not counting yourself) will see your photo? Assume that no friend received the
photo twice.

In Module 1, you were asked to express your answer in exponential notation. The solution is given here:
(1) The number of friends you sent a photo to = 7.
(2) The number of friends 7 people sent the phototo = 7 - 5.
(3) The number of friends 7 - 5 people sent the photo to = (7 - 5) - 5.
(4) The number of friends (7 - 5) - 5 people sent the photo to = ((7 -5)- 5) - 5.

Therefore, the total number of people who received the photo is
7+7-5+7-5%2+7-53

= Let's refer to “you sending the photo” as the first step. Then, “your friends sending the photo to their friends”
is the second step, and so on. In the original problem, there were four steps. Assuming the trend continues,
how would you find the sum after 10 steps?

@ We would continue the pattern until we got to the 10 step.
=  What if | asked you how many people received the photo after 100 steps?
o |t would take a long time to continue the pattern to the 100" step.

=  We want to be able to answer the question for any number of steps. For that reason, we will work towards
expressing our answer as a linear equation.
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= For convenience, let’s introduce some symbols. Since we are talking about steps, we will refer to the sum after
step one as §;, the sum after step two as S,, the sum after step three as S3, and so on. Thus,

S$1=7 (1)
S,=747-5 (2)
S;=74+7-5+7-52 (3)
S4=7+7-5+7-52+7-53 (4)

=  What patterns do you notice within each of the equations (1)—(4)?

@ They contain some of the same terms. For example, equation (2) is the same as (1), except equation (2)
has the term 7 - 5. Similarly, equation (3) is the same as (2), except equation (3) has the term 7 - 52.

=  What you noticed is true. However, we want to generalize in a way that does S i
not require us to know one step before getting to the next step. Let’s see what caffolding:

other hidden patterns there are. Talk students through the
manipulation of the equation.

For example, “We begin by
S,=7+7-5 subtracting 7 from both sides.

S,—7=7-5 Next, we will add the number 7

times 52 to both sides of the

S;=7+7:5°=7-5+75° equation. Then, using the

S, —7+4+7-52=5(7+7-5). distributive property...”

= Let’s begin with equation (2):

Notice that the grouping on the right side of the equation is exactly S,, so we have the following:
S, —7+7-5%2=58S,.
This equation is a linear equation in S,. It is an equation we know how to solve (pretend S, is an x if that
helps).
=  Let’s do something similar with equation (3):
S3=7+7-5+7-52
S;—7=7-5+7-52
S3—7+7-53=7-547-5247.53
S;—7+47-53=5(7+7-5+7-5%).

Again, the grouping on the right side of the equation is exactly the equation we began with, S5, so we have the
following:

S;—7+7-5%=58;.
This is a linear equation in S3.
= Let’s work together to do something similar with equation (4):
S4=7+7-5+7-52+7-55
=  What did we do first in each of the equations (2) and (3)?

o Subtract 7 from both sides of the equation.

= Now we have the following:

S4—7=7-5+7-524+7-53
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= What did we do next?

o Weadded 7 - 5 raised to a power to both sides of the equation. When it was the second step, the
power of 5 was 2. When it was the third step, the power of 5 was 3. Now that it is the fourth step, the
power of 5 should be 4.

= Now we have
Sq—7+7-5*=7-5+7-52+7-5347.5%
= What did we do after that?

o We used the distributive property to rewrite the right side of the equation.

= Now we have
Sq—7+7-5*=5(7-5+7-52+7-5%).
= What do we do now?

o We substitute the grouping on the right side of the equation with S,.

= Finally, we have a linear equation in S;:
Sy —7+7-5*=58,.
= Let’s look at the linear equations altogether.
S,—7+7-5%2=585,
S3—7+4+7-53=55,
S4—7+7-5*=58S,
What do you think the equation would be for S;,?
o According to the pattern, it would be S;q — 7 + 7 - 51° = 55,,.

=  Now let’s solve the equation. (Note, again, that we do not simplify

(1 = 5) for the reason explained above.) Note to teacher:
Sio— 7475 =58, This equation is solved differently than the
Si0—5S,0—7+7- 510 — 55,0 — 5510 equations we have been solving because we

want to show students the normal form of

—_— —_— . 10 =
S10(1=5)=7+7-5 0 an equation for the summation of a

S10(l=5)=7+7+7-50 =750 =7-7-57 geometric series. In general, if a # 1, then
S10(1—5) = 7(1 = 5') 1— g+t
7(1_510) 1+a+a2+~~+an_1+an=—1_a .
Sh=—-=
10 d—-5)

S10 = 17,089,842
After 10 steps, 17,089,842 will see the photo!
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Exercises 1-2 (5 minutes)

Students complete Exercises 1-2 independently.

Exercises 1-2
1.  Write the equation for the 15t step.

Sis—7+7-5%=58;

2.  How many people would see the photo after 15 steps? Use a calculator if needed.

Sis—7+7-5% =585,
Sis—58;5—7++7-5% =58, — 55,
$:5(1-5)—7+7-5%=0
$:5(1-5)—7+7+7-5%5-7.515=7-7.515
S15(1—5) = 7(1—5")
P 7(1 —519)
15 — (1 _ 5)
Si5 = 53,405,761,717

Exercises 3—11 as an Alternative to Discussion (30 minutes)

Students should be able to complete the following problems independently as they are an application of skills learned to
this point, namely transcription and solving linear equations in one variable. You may choose to have students work on
the problems one at a time and share their work with the whole class, or assign the entire set and allow students to
work at their own pace. Provide correct solutions at the end of the lesson.

Exercises 3-11

3. Marvin paid an entrance fee of $5 plus an additional $1.25 per game at a local arcade. Altogether, he spent
$26.25. Write and solve an equation to determine how many games Marvin played.

Let x represent the number of games he played.

5+1.25x = 26.25

1.25x = 21.25
21.25
T 125

x =17

Marvin played 17 games.

4. The sum of four consecutive integers is —26. What are the integers?

Let x be the first integer.
x+(x+D)+x+2)+(x+3)=-26

4x +6 =—-26
4x = —32
x=-8

The integers are —8, —7, —6, and —5.
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1
5. Abook has x pages. How many pages are in the book if Maria read 45 pages of a book on Monday, 2 the book on

Tuesday, and the remaining 72 pages on Wednesday?

Let x be the number of pages in the book.

1
x=45+5x+72

1
x = 117+Ex
1
Ex=117
x =234

The book has 234 pages.

6. A number increased by 5 and divided by 2 is equal to 75. What is the number?

Let x be the number.

x+5

2 =175

x+5=150
x =145

The number is 145.

7. The sum of thirteen and twice a number is seven less than six times a number. What is the number?
Let x be the number.

13+2x=6x—-7

20+ 2x = 6x
20 = 4x
5=x

The number is 5.

8. The width of a rectangle is 7 less than twice the length. If the perimeter of the rectangle is 43. 6 inches, what is the
area of the rectangle?

Let x represent the length of the rectangle.
2x+2(2x—-7)=43.6

2x+4x—14=43.6
6x — 14 =43.6

6x =57.6

57.6
=76
x=9.6

The length of the rectangle is 9. 6 inches, and the width is 12. 2 inches, so the area is 117.12 in*.
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9. Two hundred and fifty tickets are available for sale for a school dance. On Monday, 35 tickets were sold. An equal
number of tickets were sold each day for the next five days. How many tickets were sold on one of those days?

Let x be the number of tickets sold on one of those days.

250 =35+ 5x
215 =5x
43 =x

43 tickets were sold on each of the five days.

10. Shonna skateboarded for some number of minutes on Monday. On Tuesday, she skateboarded for twice as many
minutes as she did on Monday, and on Wednesday, she skateboarded for half the sum of minutes from Monday and
Tuesday. Altogether, she skateboarded for a total of three hours. How many minutes did she skateboard each day?

Let x be the number of minutes she skateboarded on Monday.

2x+x
x+2x+ =180
2x+4x+2x+x_180
22 2
9x—lBO
5=
9x =360
x =40

Shonna skateboarded 40 minutes on Monday, 80 minutes on Tuesday, and 60 minutes on Wednesday.

11. Inthe diagram below, A ABC ~ A A'B'C’. Determine the length of AC and BC.

»

(10.3 = =) m

18 my c

(5x — 0.3) mm

18 38

103—-x 5x-0.3
18(5x — 0.3) = 38(10.3 — x)
90x — 5.4 = 391.4 — 38x
128x — 5.4 = 391.4

128x = 396.8

_396.8

128
x=3.1

The length of AC is 7.2 mm, and the length of BC is 15.2 mm.
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Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

=  We can rewrite equations to develop a pattern and make predictions.

=  We know that for problems like these we can generalize equations so that we do not have to do each step to
get our answer.

=  We learned how equations can be used to solve problems.

Exit Ticket (5 minutes)
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Name Date

Lesson 9 m 0

Lesson 9: An Application of Linear Equations

Exit Ticket

1. Rewrite the equation that would represent the sum in the fifth step of the Facebook problem:

Ss=7+7-5+7-52+7-53+7-5%

2. The sum of four consecutive integers is 74. Write an equation and solve to find the numbers.
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Exit Ticket Sample Solutions

Lesson 9 m 0

1.

Rewrite the equation that would represent the fifth step of the Facebook problem:
Ss=7+7-5+7-52+7-5%+7-5%
Ss=7+7-5+7-52+7-5%+7.5%
Ss—7=7-5+7-52+7-5%+7.5%
Ss—7+7-55=7-54+7-52+7-5%+7-5%+7.5°
Ss—7+7-55=5(7+7-5+7-52+7-5%+7-5%
Ss—7+7-55%=5(Ss)
Ss—55;—7+7-55=0
S5 —585;=7—(7-5%
(1-5)S5=7—-(7-5%
(1-5)85=7(1-5%)
7(1 - 55%)
STT1-5

The sum of four consecutive integers is 74. Write an equation and solve to find the numbers.

Let x be the first number.

x+(@x+1D+x+2)+(x+3) =74

4x+ 6 =74
4x = 68
x =17

The numbers are 17, 18, 19, and 20.

Problem Set Sample Solutions

Assign the problems that relate to the elements of the lesson you chose to use with students.

You forward an e-card that you found online to three of your friends. They liked it so much that they forwarded it
on to four of their friends, who then forwarded it on to four of their friends, and so on. The number of people who
saw the e-card is shown below. Let S; represent the number of people who saw the e-card after one step, let S,

represent the number of people who saw the e-card after two steps, and so on.
5:=3
$,=3+3-4
$5=3+3-4+3-42
$,=3+3-4+3-42+3-43
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a. Find the pattern in the equations.
S,=3+3-4
S,—-3=3-4
S, —3+3-4>=3-4+3-4*
S,—3+3-42=4(3+3-4)
S, —3+3-4%>=4S,

§S3=3+3-4+3 47
§3—-3=3-4+3-42
S3—3+3-43=3-4+3-42+3-43
S3—-3+3-43=4(3+3-4+3-4?)

S;—3+3-4% =45,

$,=3+3-4+3-42+3-43
$,-3=3-4+3-4>+3-48
S,—3+3-4*=3-4+3-42+3-4%+3-4*
$,-3+3-4*=4(3+3-4+3-4>+3-4%
S, —3+3-4*=4s,

b. Assuming the trend continues, how many people will have seen the e-card after 10 steps?

Si0—3+3-41°=45,,
S10—4510—-3+3-4%=0
S10(1—4)=3-3-41
S10(1—4) =3(1—41)
3(1 - 419
10 = ﬁ
S10=1,048,575

After 10 steps, 1,048,575 people will have seen the e-card.

c. How many people will have seen the e-card after n steps?
_ 3(1-4")
"Ta-4

For each of the following questions, write an equation and solve to find each answer.

3
2. Lisa has a certain amount of money. She spent $39 and has : of the original amount left. How much money did she

have originally?

Let x be the amount of money Lisa had originally.

39 3
x—39=—x
4
—39=—"x
156 = x

Lisa had $156 originally.
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3. The length of a rectangle is 4 more than 3 times the width. If the perimeter of the rectangle is 18.4 cm, what is the
area of the rectangle?

Let x represent the width of the rectangle.
2(4+3x) +2x=18.4
8+ 6x+2x=18.4

8+8x =184
8x =10.4
10.4
=g
x=1.3

The width of the rectangle is 1.3 cm, and the length is 7.9 cm, so the area is 10.27 cm?.

4.  Eight times the result of subtracting 3 from a number is equal to the number increased by 25. What is the number?
Let x be the number.
8(x—3)=x+25
8x—24=x+25

7x—24 =25
7x =49
x=7

The number is 7.

5.  Three consecutive odd integers have a sum of 3. What are the numbers?

Let x be the first odd number.
x+(x+2)+(x+4)=3

3x+6=3
3x=-3
x=-1

The three consecutive odd integers are —1, 1, and 3.

6. Each month, Liz pays $35 to her phone company just to use the phone. Each text she sends costs her an additional
$0.05. In March, her phone bill was $72.60. In April, her phone bill was $65.85. How many texts did she send
each month?

Let x be the number of texts she sent in March.
35+ 0.05x = 72.60

0.05x =37.6
_37.6
*=0.05

x =752

She sent 752 texts in March.

Let y be the number of texts she sent in April.
354+ 0.05y = 65.85

0.05y = 30.85
30.85
Y=70.05

y =617

She sent 617 texts in April.
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7. Claudia is reading a book that has 360 pages. She read some of the book last week. She plans to read 46 pages

4
today. When she does, she will be s of the way through the book. How many pages did she read last week?
Let x be the number of pages she read last week.

4
x+46 = = (360)

x+ 46 = 288
x =242

Claudia read 242 pages last week.

8. Inthe diagram below, A ABC ~ A A'B’'C’'. Determine the measure of ZA.

»
(Tz —4)" A
(@ +32)°
C

< 7x—4=x+32

6x—4 =32

B 6x = 36

xX=6

The measure of £A is 38°.

9. Inthe diagram below, A ABC ~ A A'B'C’. Determine the measure of £A.

A

' B

The measure of £A is 101°.
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E Lesson 10: A Critical Look at Proportional Relationships

Student Outcomes

Students work with proportional relationships that involve average speed and constant speed in order to write
a linear equation in two variables.

=  Students use linear equations in two variables to answer questions about distance and time.

Classwork

Discussion/Examples 1-2 (25 minutes)

Example 1

= Consider the word problem below. We can do several things to answer this .
, . . . . . Scaffolding:
problem, but let’s begin to organize our work using a table for time and distance:
It may be necessary to remind
students of the relationship
between distance traveled,

rate, and time spent traveling

Example 1

Paul walks 2 miles in 25 minutes. How many miles can Paul walk in 137. 5 minutes?

Time (in minutes) Distance (in miles) at that rate.
25 2
50 4
75 6
100 8
125 10

As students answer the questions below, fill in the table.

= How many miles would Paul be able to walk in 50 minutes? Explain.

©  Paul could walk 4 miles in 50 minutes because 50 minutes is twice the time we were given, so we can
calculate twice the distance, which is 4.

=  How many miles would Paul be able to walk in 75 minutes? Explain.

o Paul could walk 6 miles in 75 minutes because 75 minutes is three times the number of minutes we
were given, so we can calculate three times the distance, which is 6.

=  How many miles would Paul be able to walk in 100 minutes?
@ He could walk 8 miles.
=  How many miles would he walk in 125 minutes?
@ He could walk 10 miles.
= How could we determine the number of miles Paul could walk in 137.5 minutes?

Provide students time to think about the answer to this question. They will likely say that they can write a proportion to

figure it out. Allow them to share and demonstrate their solutions. Then, proceed with the discussion below, if
necessary.
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= Since the relationship between the distance Paul walks and the time it takes him to walk that distance is
proportional, we let y represent the distance Paul walks in 137.5 minutes and write the following:

25 137.5
2y
25y = 137.5(2)
25y =275
y=11
Therefore, Paul can walk 11 miles in 137.5 minutes.

= How many miles, y, can Paul walk in x minutes?

Provide students time to think about the answer to this question. Allow them to share their ideas and then proceed with
the discussion below, if necessary.

= We know for a fact that Paul can walk 2 miles in 25 minutes, so we can write the ratio ? as we did with the
proportion. We can write another ratio for the number of miles, y, Paul walks in x minutes. Itis § For the
same reason we could write the proportion before, we can write one now with these two ratios:
25 x
27y
Does this remind you of something we have done recently? Explain.

o Thisis a linear equation in disguise. All we need to do is multiply each numerator by the other fraction’s
denominator, then we will have a linear equation.

25y = 2x
= Recall our original question: How many miles, y, can Paul walk in x minutes? We need to solve this equation
for y.
25y = 2x
2
y= gx
y = 0.08x

Paul can walk y miles in 0.08x minutes. This equation will allow us to answer all kinds of questions about Paul
with respect to any given number of minutes or miles.
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= Let’s go back to the table and look for y = 0.08x or its equivalent y = %x. What do you notice?

Time (in minutes) Distance (in miles)
25 2
50 4
75 6
100 8
125 10

o The fraction % came from the first row in the table. It is the distance traveled divided by the time it
took to travel that distance. It is also in between each row of the table. For example, the difference
between 4 miles and 2 miles is 2, and the difference between the associated times 50 and 25 is 25.
The pattern repeats throughout the table.

Show on the table the 4+2 between each distance interval and the +25 between each time interval. Remind students
that they have done work like this before, specifically finding a unit rate for a proportional relationship. Make clear that
the unit rate found in the table was exactly the same as the unit rate found using the proportion, and that the unit rate is
the rate at which Paul walks.

=  Let’s look at another problem where only a table is provided.

Time (in hours) Distance (in miles)
3 123
6 246
9 369
12 492
y

We want to know how many miles, y, can be traveled in any number of hours x. Using our previous work, what
should we do?
o We can write and solve a proportion that contains both x and y, or use the table to help us determine
the unit rate.
= How many miles, y, can be traveled in any number of hours x?

o Student work:

123y
3 x
123x = 3y
123
3 7Y
41x =y

=  What does the equation y = 41x mean?
o |t means that the distance traveled, vy, is equal to the rate of 41 multiplied by the number of hours x
traveled at that rate.
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Example 2

The point of this problem is to make clear to students that we must assume constant rate in order to write linear
equations in two variables and to use those equations to answer questions about distance, time, and rate.

= Consider the following word problem: Alexxa walked from Grand Central Station on 42" Street to Penn
Station on 7" Avenue. The total distance traveled was 1.1 miles. It took Alexxa 25 minutes to make the walk.
How many miles did she walk in the first 10 minutes?

Give students a minute to think and/or work on the problem. Expect them to write a proportion and solve the problem.
The next part of the discussion will get them to think about what is meant by “constant” speed or rather lack of it.

o She walked 0.44 miles. (Assuming students used a proportion to solve.)

=  Areyou sure about your answer? How often do you walk at a constant speed? Notice the problem did not
even mention that she was walking at the same rate throughout the entire 1.1 miles. What if you have more
information about her walk: Alexxa walked from Grand Central Station (GCS) along 42" Street to an ATM
machine 0.3 miles away in 8 minutes. It took her 2 minutes to get some money out of the machine. Do you
think your answer is still correct?

@ Probably not since we now know that she had to stop at the ATM.

= Let’s continue with Alexxa’s walk: She reached the 7™ Avenue junction 13 minutes after she left GCS, a
distance of 0.6 miles. There, she met her friend Karen with whom she talked for 2 minutes. After leaving her
friend, she finally got to Penn Station 25 minutes after her walk began.

= [s this a more realistic situation than believing that she walked the exact same speed throughout the entire
trip? What other events typically occur during walks in the city?

o Stop lights at crosswalks, traffic, maybe a trip/fall, running an errand, etc.

= This is precisely the reason we need to take a critical look at what we call “proportional relationships” and
constant speed, in general.

=  The following table shows an accurate picture of Alexxa’s walk:

Time (in minutes) Distance Traveled (in miles)
0 0
8 0.3
10 0.3
13 0.6
15 0.6
25 1.1

With this information, we can answer the question. Alexxa walked exactly 0.3 miles in 10 minutes.

= Now that we have an idea of what could go wrong when we assume a person walks at a constant rate or that a
proportion can give us the correct answer all of the time, let’s define what is called average speed.

= Suppose a person walks a distance of d (miles) in a given time interval t (minutes). Then, the average speed in
. L Ld. .
the given time interval is —in miles per minute.

= With this definition we can calculate Alexxa’s average speed: The distance that Alexxa traveled divided by the
L .11 .
time interval she walked is P miles per minute.
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= If we assume that someone can actually walk at the same average speed over any time interval, then we say
that the person is walking at a constant speed.

Suppose the average speed of a person is the same constant C for any given time interval. Then, we say that
the person is walking at a constant speed C.

= [fthe original problem included information specifying constant speed, then we could write the following:
Alexxa’s average speed for 25 minutes is %
Let y represent the distance Alexxa walked in 10 minutes. Then, her average speed for 10 minutes is 1y—0.

Since Alexxa is walking at a constant speed of C miles per minute, then we know that

11 y
i d A
5= O an 10

Since both fractions are equal to C, then we can write

C.

11y

25 10°
With the assumption of constant speed, we now have a proportional relationship, which would make the
answer you came up with in the beginning correct.

=  We can go one step further and write a statement in general. If Alexxa walks y miles in x minutes, then

Y= C, and 11 = X
x 25 «x
To find how many miles y Alexxa walks in x miles, we solve the equation for y:
11 vy
25 x
25y = 1.1x
25 1.1
257 T 25"
1.1
y= Ex'

where the last equation is an example of a linear equation in two variables x and y. With this general
equation, we can find the distance y Alexxa walks in any given time x. Since we have more information about
Alexxa’s walk, where and when she stopped, we know that the equation cannot accurately predict the
distance she walks after a certain number of minutes. To do so requires us to assume that she walks at a
constant rate. This is an assumption we generally take for granted when solving problems about rate.
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Exercises 1-2 (5 minutes)

Students complete Exercises 1-2 independently or in pairs.

Exercises

1. Wesley walks at a constant speed from his house to school 1. 5 miles away. It took him 25 minutes to get to school.

a. What fraction represents his constant speed, C?
15 c
25

b. You want to know how many miles he has walked after 15 minutes. Let y represent the distance he traveled
after 15 minutes of walking at the given constant speed. Write a fraction that represents the constant
speed, C, in terms of y.

y
Z_ = C
15
c. Write the fractions from parts (a) and (b) as a proportion and solve to find how many miles Wesley walked

after 15 minutes.

1.5 y
25 15
25y =22.5
25 22.5
257 =25
y=0.9

Wesley walks 0.9 miles in 15 minutes.

d. Let y be the distance in miles that Wesley traveled after x minutes. Write a linear equation in two variables
that represents how many miles Wesley walked after x minutes.

1.5 y

25 x
25y = 1.5x
25 1.5
257 = 25"
1.5
Yy=55*

2. Stefanie drove at a constant speed from her apartment to her friend’s house 20 miles away. It took her 45 minutes
to reach her destination.

a. What fraction represents her constant speed, C?

20

¢

b. What fraction represents constant speed, C, if it takes her x number of minutes to get halfway to her friend’s

house?

10

—=C
x
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c. Write a proportion using the fractions from parts (a) and (b) to determine how many minutes it takes her to
get to the halfway point.

20 10
45 «x
20x = 450
20 450
L=
20 20

x =225

Stefanie gets halfway to her friend’s house, 10 miles away, after 22.5 minutes.

d. Write a two-variable equation to represent how many miles Stefanie can drive over any time interval.

Let y represent the distance traveled over any time interval x. Then,

20 y
5 x
20x = 45y
20 45
45" " 357

4
9=

Discussion (4 minutes)

Consider the problem: Dave lives 15 miles from town A. He is driving at a constant speed of 50 miles per hour
from his home away from (in the opposite direction of) the city. How far away is Dave from the town after x
hours of driving?

Since we know he is driving at a constant speed of 50 miles per hour, then we need to determine the distance
he travels over a time interval.

If we say that Dave is y miles from town A after driving x hours, how can we express the actual number of
miles that Dave traveled?

@ Dave is 15 miles from town A to begin with, so the total number of miles Dave traveled is y — 15.

. . y-15 e . .
If Dave’s average speed in x hours is 4 — which is equal to a constant (i.e., his constant speed), then we have

the equation
y—15
=

50.

We want to know how many miles Dave is from town 4, y, after driving for x hours. Solve this equation for y.

o Student work:

y=15_ o
x
y —15=50x
y—154+15=50x+ 15
y =50x+15
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= With this equation, y = 50x + 15, we can find the distance Dave is from town A for any given time x. How far
away is Dave from town A after one hour?

o Ifx =1, then
y =50(1) + 15
y = 65.

Dave is 65 miles from town A after one hour.

Exercise 3 (4 minutes)

Students complete Exercise 3 independently or in pairs.

3. The equation that represents how many miles, y, Dave travels after x hoursis y = 50x + 15. Use the equation to
complete the table below.
x (hours) Linear equationiny: y = 50x + 15 y (miles)
1 y=>50(1)+15 65
2 y=50(2)+15 115
3 y=5003)+15 165
3.5 y=50(3.5) +15 190
4.1 y=50(4.1) +15 220

Closing (3 minutes)
Summarize, or ask students to summarize, the main points from the lesson:
= Average speed is found by taking the total distance traveled in a given time interval, divided by the time
interval.

=  |f we assume the same average speed over any time interval, then we have constant speed, which can then be
used to express a linear equation in two variables relating distance and time.

=  We know how to use linear equations to answer questions about distance and time.

= We cannot assume that a problem can be solved using a proportion unless we know that the situation involves
constant speed (or rate).

Lesson Summary
Average speed is found by taking the total distance traveled in a given time interval, divided by the time interval.
If y is the total distance traveled in a given time interval x, then % is the average speed.

If we assume the same average speed over any time interval, then we have constant speed, which can then be used
to express a linear equation in two variables relating distance and time.

If % = C, where C is a constant, then you have constant speed.

Exit Ticket (4 minutes)
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Name Date

Lesson 10: A Critical Look at Proportional Relationships

Exit Ticket

Alex skateboards at a constant speed from his house to school 3.8 miles away. It takes him 18 minutes.

a.  What fraction represents his constant speed, C?

b. After school, Alex skateboards at the same constant speed to his friend’s house. It takes him 10 minutes.
Write the fraction that represents constant speed, C, if he travels a distance of y.

c.  Write the fractions from part (a) and (b) as a proportion, and solve to find out how many miles Alex’s friend’s
house is from school. Round your answer to the tenths place.

EUREKA Lesson 10: A Critical Look at Proportional Relationships 118
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 10 m

Exit Ticket Sample Solutions

Alex skateboards at a constant speed from his house to school 3. 8 miles away. It takes him 18 minutes.

a. What fraction represents his constant speed, C?
3.8 c
18

b. After school, Alex skateboards at the same constant speed to his friend’s house. It takes him 10 minutes.
Write the fraction that represents constant speed, C, if he travels a distance of y.

y
Z_ = C
10
c. Write the fractions from part (a) and (b) as a proportion and solve to find out how many miles Alex’s friend’s
house is from school. Round your answer to the tenths place.

3.8y

18 10
3.8(10) = 18y

38 =18y

38

B-

21~y

Alex’s friend lives about 2.1 miles from school.

Problem Set Sample Solutions

Students practice writing and solving proportions to solve constant speed problems. Students write two variable
equations to represent situations, generally.

1. Eman walks from the store to her friend’s house, 2 miles away. It takes her 35 minutes.

a. What fraction represents her constant speed, C?
z c
35

b. Write the fraction that represents her constant speed, C, if she walks y miles in 10 minutes.

y
2 —C
10
c. Write a proportion using the fractions from parts (a) and (b) to determine how many miles she walks after 10

minutes. Round your answer to the hundredths place.

2y

35 10
35y = 20
35 20
357 735

y =0.57142 ..

Eman walks about 0.57 miles after 10 minutes.
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d.

d.

Write a two-variable equation to represent how many miles Eman can walk over any time interval.

Let y represent the distance Eman walks in x minutes.

2y
35 x
35y = 2x
35 2
357 735"
2
y=35*

2.  Erika drives from school to soccer practice 1. 3 miles away. It takes her 7 minutes.

What fraction represents her constant speed, C?
1.3

- =C

What fraction represents her constant speed, C, if it takes her x minutes to drive exactly 1 mile?

Z=C
x

Write a proportion using the fractions from parts (a) and (b) to determine how much time it takes her to drive
exactly 1 mile. Round your answer to the tenths place.

13 1
7 x
13x=7
13 7
137713

x =5.38461..

It takes Erika about 5.4 minutes to drive exactly 1 mile.

Write a two-variable equation to represent how many miles Erika can drive over any time interval.

Let y be the number of miles Erika travels in x minutes.

1.3 y
7 T x
7y =1.3x
7 1.3
77T
1.3
y:Tx

3. Darladrives at a constant speed of 45 miles per hour.

If she drives for y miles and it takes her x hours, write the two-variable equation to represent the number of
miles Darla can drive in x hours.

EUREKA
MATH

Y 45
x
y = 45x
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b. Darla plans to drive to the market 14 miles from her house, then to the post office 3 miles from the market,
and then return home, which is 15 miles from the post office. Assuming she drives at a constant speed the
entire time, how long will it take her to get back home after running her errands? Round your answer to the
hundredths place.

Altogether, Darla plans to drive 14 + 3 + 15 = 32 miles.

32 = 45x
32 45
45~ 15%

0.71111.. = x

It will take Darla about 0.71 hours to get home after running her errands.

4.  Aaron walks from his sister’s house to his cousin’s house, a distance of 4 miles, in 80 minutes. How far does he
walk in 30 minutes?

I cannot say for sure how far Aaron walks in 30 minutes because I do not know if he is walking at a constant speed.
Maybe he stopped at his friend’s house for 20 minutes.

5.  Carlos walks 4 miles every night for exercise. It takes him exactly 63 minutes to finish his walk.

a. Assuming he walks at a constant rate, write an equation that represents how many miles, y, Carlos can walk
in x minutes.

4 y
Since — = Cand = = C, then
63 x

4y
63 x
63y = 4x
63 4
637 63"
4
y= ax.
b. Use your equation from part (a) to complete the table below. Use a calculator and round all values to the
hundredths place.
Linear equation in y:
x (minutes) _ 4 y (miles)
Y=63”
15 2 (15) 0.95
V=63 '
30 A (30) 1.90
Y= 63 '
40 A (40) 2.54
Y= 63 '
60 A (60) 3.81
Y= 63 '
75 A (75) 4.76
V=63 '
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Lesson 11: Constant Rate

Student Outcomes

Students know the definition of constant rate in varied contexts as expressed using two variables where one is
t representing a time interval.

= Students graph points on a coordinate plane related to constant rate problems.

Classwork
Example 1 (6 minutes)

Give students the first question below and allow them time to work. Ask them to share their solutions with the class and
then proceed with the discussion, table, and graph to finish Example 1.

Example 1

Pauline mows a lawn at a constant rate. Suppose she mows a 35 square foot lawn in 2. 5 minutes. What area, in square
feet, can she mow in 10 minutes? t minutes?

=  What is Pauline’s average rate in 2.5 minutes?
. . . . 35 .
o Pauline’s average rate in 2.5 minutes is - Square feet per minute.
=  What is Pauline’s average rate in 10 minutes?

a

Let A represent the square feet of area mowed in 10 minutes. Pauline’s average rate in 10 minutes is
A .
75 Square feet per mintute.

., . . 5 A
= Let C be Pauline’s constant rate in square feet per minute; then, 2—5 = (C, and i C. Therefore,

35 A
25 10
350 =2.54
350 2.5
25 2.5
140=4
Pauline mows 140 square feet of lawn in 10 minutes.

If we let y represent the number of square feet Pauline can mow in t minutes, then Pauline’s average rate in t
minutes is %’ square feet per minute.

Write the two-variable equation that represents the area of lawn, y, Pauline can mow in t minutes.
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35 y

25 ¢t
2.5y = 35t
2.5 35
257 25"
35
y=ﬁt

. . 35 . . 35
=  What is the meaning of; in the equation y = T t?

35 . .
o The number 7 represents the constant rate at which Pauline can mow a lawn.

= We can organize the information in a table.

t (time in Linear ec:|;u5ation: y (areain
minutes) y=—t square feet)
2.5
35
0 = 0
y=550
35 35
1 =" e
y=35W 25 1
35 70
2 - I
y=35® 75 28
35 105
3 =" _
y=353 25 42
35 140
4 = ke
Y=35® 25 50

= On a coordinate plane, we will let the x-axis represent time ¢, in minutes, and the y-axis represent the area of

mowed lawn in square feet. Then we have the following graph.

Lawn mowed in square feet, y

55

50

45

40

35

30

25

20

15

10

1

2 3 4 5 6
Time in minutes, t

7
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=  Because Pauline mows at a constant rate, we would expect the square feet of mowed lawn to continue to rise
as the time, in minutes, increases.

Concept Development (6 minutes)

=  Inthe last lesson, we learned about average speed and constant speed. Constant speed problems are just a
special case of a larger variety of problems known as constant rate problems. Some of these problems were
topics in Grade 7, such as water pouring out of a faucet into a tub, painting a house, and mowing a lawn.

= First, we define the average rate:
Suppose V gallons of water flow from a faucet in a given time interval t (minutes). Then, the average rate of

water flow in the given time interval is Zin gallons per minute.

= Then, we define the constant rate:

Suppose the average rate of water flow is the same constant C for any given time interval. Then, we say that
the water is flowing at a constant rate, C.

=  Similarly, suppose A square feet of lawn are mowed in a given time interval t (minutes). Then, the average
N . L . A .
rate of lawn mowing in the given time interval is - square feet per minute. If we assume that the average rate

of lawn mowing is the same constant, C, for any given time interval, then we say that the lawn is mowed at a
constant rate, C.

= Describe the average rate of painting a house.
o Suppose A square feet of house are painted in a given time interval t (minutes). Then the average rate
of house painting in the given time interval is % square feet per minute.
= Describe the constant rate of painting a house.

o If we assume that the average rate of house painting is the same constant, C, over any given time
interval, then we say that the wall is painted at a constant rate, C.

=  What is the difference between average rate and constant rate?

o Average rate is the rate in which something can be done over a specific time interval. Constant rate
assumes that the average rate is the same over any time interval.

=  Asyou can see, the way we define average rate and constant rate for a given situation is very similar. In each
case, a transcription of the given information leads to an expression in two variables.

Example 2 (8 minutes)

Example 2

Water flows at a constant rate out of a faucet. Suppose the volume of water that comes out in three minutesis 10.5
gallons. How many gallons of water comes out of the faucet in ¢ minutes?

= Write the linear equation that represents the volume of water, V, that comes out in t minutes.
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Let C represent the constant rate of water flow.

10.5 14 105 V
5 =Coand = Cithen, —= =
105 Vv
3t
3V =10.5t
3 10.5
373
_10.5

=  What is the meaning of the number %’5 in the equation V = %St?

5 ,
o The number % represents the constant rate at which water flows from a faucet.

= Using the linear equation V = %'St, complete the table.

Linear equation:
t (time in minutes) Ve 10.5 : V (in gallons)
T3
10.5
0 V=——0) 0
3
10.5 10.5
1 =" T _3,
14 3 (1) 3 3.5
10.5 21
2 = e
|4 3 2 3 7
10.5 31.5
3 V=——_3 ——=10.5
3 3 3
10.5 42
4 V=—->“4 —=14
3 ) 3

=  Onacoordinate plane, we will let the x-axis represent time t in minutes and the y-axis represent the volume

of water. Graph the data from the table.
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17

16

15

14

13

12

11

10

Volume of water in gallons, V
o

Time in minutes, t

= Using the graph, about how many gallons of water do you think would flow after 1 ; minutes? Explain.

o After 1 % minutes, between 3 % and 7 gallons of water will flow. Since the water is flowing at a constant
rate, we can expect the volume of water to rise between 1 and 2 minutes. The number of gallons that
flows after 1 % minutes then would have to be between the number of gallons that flows out after 1
minute and 2 minutes.
= Using the graph, about how long would it take for 15 gallons of water to flow out of the faucet? Explain.

o |t would take between 4 and 5 minutes for 15 gallons of water to flow out of the faucet. It takes 4
minutes for 14 gallons to flow; therefore, it must take more than 4 minutes for 15 gallons to come out.

. 1 .
It must take less than 5 minutes because 3 3 gallons flow out every minute.
= Graphing proportional relationships like these last two constant rate problems provides us more information

than simply solving an equation and calculating one value. The graph provides information that is not so
obvious in an equation.
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Students complete Exercises 1-3 independently.

Lesson 11 m

Exercises
1. Juan types at a constant rate. He can type a full page of textin 3 % minutes. We want to know how many pages, p,
Juan can type after t minutes.
a. Write the linear equation in two variables that represents the number of pages Juan types in any given time
interval.
Let C represent the constant rate that Juan types in pages per minute. Then,
1 p 1 p
35— C,and P C; therefore, 351
1 p
3.5 t
3.5p=t
35 1 ¢
3.5° 7 3.5
1 t
P=335
b. Complete the table below. Use a calculator and round your answers to the tenths place.
Linear equation:
t (time in minutes) 1 p (pages typed)
p=5zt
3.5
1
0 =——(0 0
p=55(0
1 5
5 = — =1,
P=350 35~ 14
1 10
10 = —— =~ 2.
P=35010 3.5~ 29
1 15
15 =—(15 —=~4.3
P=3519 3.5
1 20
20 =—(20 —=5.7
P=3520 3.5
c. Graph the data on a coordinate plane.
10 [
9
8
7
Q
g* 6
o
Z s
4]
X4
o
3
2
1
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
Time in minutes, t
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20 minutes.

paint in t minutes?

given time interval.

d. About how long would it take Juan to type a 5-page paper? Explain.

Let C be the constant rate that Emily paints in square feet per minute. Then,

32 A 3
— = C,and — = C; therefore, — =
t 5
32 A
5 t
54 = 32t
5A 32
5775
A= 32 t
T 5
b. Complete the table below. Use a calculator and round answers to the tenths place.
Linear equation: . .
t (time in minutes) 32 4 (area painted in
A= = square feet)
32
0 A=—(0 0
= (0
32 32
1 A=—(»1 —=6.4
5 @) 5
32 64
2 A=—(2 —=12.8
5 2 5
32 96
3 A=—(3 —=19.2
5 3 5
32 128
4 == =% 25,
A 5 4) 5 25.6

It would take him between 15 and 20 minutes. After 15 minutes, he will have typed 4.3 pages. In 20
minutes, he can type 5.7 pages. Since 5 pages is between 4.3 and 5.7, then it will take him between 15 and

2.  Emily paints at a constant rate. She can paint 32 square feet in 5 minutes. What area, 4, in square feet, can she

a. Write the linear equation in two variables that represents the number of square feet Emily can paint in any

Lesson 11:
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c. Graph the data on a coordinate plane.

26

24

22

20

18

16

14

12

Area painted in square feet, A

10

0 1 2 3 4 5 6 7 8 9 10
Time in minutes, t

d. About how many square feet can Emily paint in 2 % minutes? Explain.

Emily can paint between 12.8 and 19. 2 square feet in 2 % minutes. After 2 minutes, she paints 12. 8 square
feet, and after 3 minutes, she will have painted 19. 2 square feet.

3. Joseph walks at a constant speed. He walked to a store that is one-half mile away in 6 minutes. How many miles,
m, can he walk in t minutes?

a. Write the linear equation in two variables that represents the number of miles Joseph can walk in any given
time interval, t.

Let C be the constant rate that Joseph walks in miles per minute. Then,

0.5 m 0. m
? =C, andT = C; therefore,? = T
0.5 m
<=7
6m = 0.5t
6 0.5
"6 "
0.5
m _Tt
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b. Complete the table below. Use a calculator and round answers to the tenths place.
Linear equation:
t (time in minutes) 0.5 m (distance in miles)
m=—
6
0.5
0 m=——-(0 0
= (0
0.5 15
30 =—(30 —=2.5
m =g (30) 6
0.5 30
60 =—(60 —=5
m =g (60) 6
0.5 45
20 =—1(90 —=17.5
m =g (90) 6
0.5 60
120 =—(120 —=10
m =g (120) 6
c. Graph the data on a coordinate plane.
16
14
12
=
g
T 10 +
=
@
g 8 T
g
6
4
5 i
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Time in minutes, ¢
d. Joseph’s friend lives 4 miles away from him. About how long would it take Joseph to walk to his friend’s
house? Explain.
It will take Joseph a little less than an hour to walk to his friend’s house. Since it takes 30 minutes for him to
walk 2.5 miles, and 60 minutes to walk 5 miles, and 4 is closer to 5 than 2.5, it will take Joseph less than an
hour to walk the 4 miles.

Closing (5 minutes)

Summarize, or ask students to summarize, the main points from the lesson:

Constant rate problems appear in a variety of contexts like painting a house, typing, walking, water flow, etc.

We can express the constant rate as a two-variable equation representing proportional change.

= We can graph the constant rate situation by completing a table to compute data points.
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Lesson Summary

When constant rate is stated for a given problem, then you can express the situation as a two-variable equation.
The equation can be used to complete a table of values that can then be graphed on a coordinate plane.

Exit Ticket (5 minutes)

EUREKA Lesson 11: Constant Rate 131
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 11 m 0

Name Date

Lesson 11: Constant Rate

Exit Ticket

Vicky reads at a constant rate. She can read 5 pages in 9 minutes. We want to know how many pages, p, Vicky can read
after t minutes.

a. Write a linear equation in two variables that represents the number of pages Vicky reads in any given time
interval.

b. Complete the table below. Use a calculator and round answers to the tenths place.

Linear equation:

t (time in minutes) p (pages read)

20

40

60

c.  About how long would it take Vicky to read 25 pages? Explain.
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Vicky reads at a constant rate. She can read 5 pages in 9 minutes. We want to know how many pages, p, Vicky can read
after t minutes.
a. Write a linear equation in two variables that represents the number of pages Vicky reads in any given time
interval.
Let C represent the constant rate that Vicky reads in pages per minute. Then,
5 p 5 p
== C,and — = (; th ), = ==
9 an . erefore, o=t
5 p
9t
9p =5t
9 5 ¢
9P "9
P=3
b. Complete the table below. Use a calculator and round answers to the tenths place.
Linear equation:
t (time in minutes) 5 p (pages read)
p= 9
5
0 =—(0 0
p=50)
5 100
20 =—(20 —=11.1
p =420 9
5 200
40 =—(40 — = 22.2
p =540 9
5 300
60 =—(60 ——=~33.3
p =4 (60) 9
c. About how long would it take Vicky to read 25 pages? Explain.
It would take her a little over 40 minutes. After 40 minutes, she can read about 22. 2 pages, and after 1 hour
she can read about 33. 3 pages. Since 25 pages is between 22.2 and 33. 3, it will take her between 40 and
60 minutes to read 25 pages.

Problem Set Sample Solutions

Students practice writing two-variable equations that represent a constant rate.

1. Atrain travels at a constant rate of 45 miles per hour.

a. What is the distance, d, in miles, that the train travels in t hours?

45 d 45
Let C be the constant rate the train travels. Then, T = C, and ? = C; therefore, T

45 d
1t
d = 45t

d
e
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b.

2. Water

b.

3.

a.

How many miles will it travel in 2. 5 hours?

d =45(2.5)
=112.5

The train will travel 112.5 miles in 2. 5 hours.

1
is leaking from a faucet at a constant rate of; gallons per minute.

What is the amount of water, w, in gallons per minute, that is leaked from the faucet after ¢t minutes?

Let C be the constant rate the water leaks from the faucet in gallons per minute. Then,

1 1
3 = C, and il = C; therefore, 3 = E'
1 t 1 t
1
3w
1t
1
w= § t
How much water is leaked after an hour?
1
w= § t
1
=3 (60)
=20

The faucet will leak 20 gallons in one hour.

A car can be assembled on an assembly line in 6 hours. Assume that the cars are assembled at a constant rate.

How many cars, y, can be assembled in ¢ hours?

Let C be the constant rate the cars are assembled in cars per hour. Then,

1—C dy—Cth L
= C, an PR erefore,6—t.

1y
6 t
6y =t
6 1
6”76

1
y=gt

b. How many cars can be assembled in a week?

A week is 24 X 7 = 168 hours. So,y = %(168) = 28. Twenty-eight cars can be assembled in a week.
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. . . o1
A copy machine makes copies at a constant rate. The machine can make 80 copies in 2 3 minutes.
a. Write an equation to represent the number of copies, n, that can be made over any time interval, t.

Let C be the constant rate that copies can be made in copies per minute. Then,

80 n 80 n
Z = C,and ? =C; there_fore,—l = ;
2 2
80_n
1
2; ¢
1
ZEn=80t
5
En—80t
25 2
E-En=§~80t
n =32t

b. Complete the table below.

t (time in minutes) Linear equation: n (number of copies)
n = 32t
0 n = 32(0)
0.25 n = 32(0.25)
0.5 n =32(0.5) 16
0.75 n = 32(0.75) 24
1 n=32(1) 32
c. Graph the data on a coordinate plane.
36 |
34
32
30
28
26
24
IS
5 22
o
Q
S 20
5 g
2
£ 16
E
14
12
10
8 Y
6
4
2

0 0102 03 04 05 06 07 08 09 1

Time in minutes, t
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occurred? Explain.

is between 0.25 and 0. 5.

time interval, t.

ran in t minutes. Then,

d. The copy machine runs for 20 seconds, then jams. About how many copies were made before the jam

Since 20 seconds is 0. 3 of a minute, then the number of copies made will be between 8 and 16 because 0.3

5.  Connor runs at a constant rate. It takes him 34 minutes to run 4 miles.

a. Write the linear equation in two variables that represents the number of miles Connor can run in any given

Let C be the constant rate that Connor runs in miles per minute, and let m represent the number of miles he

*_ C, and 2 C; th t_m
Vi L, an -G erefore,34— P
4 _m
34t
34m = 4t
34 .
3¢ 734
4 t
m=_—
34
z t
m=—
17
b. Complete the table below. Use a calculator and round answers to the tenths place.
Linear equation:
t (time in minutes) = ¢ m (distance in miles)
17
2
0 =— 0
m 1_7(())
2 30
15 = a1
m 17 (15) 17 1.8
2 60
30 = —~3.
m 17 (30) 17 3.5
2 90
45 = &5,
m 17 (45) 17 5.3
2 120
60 = kO 3
m 17 (60) 17 7.1
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Graph the data on a coordinate plane.

Distance in miles, m

H 10 15 2 2 0 35 a0 a5 50 [ 60 65
Time in minutes, t

Connor ran for 40 minutes before tripping and spraining his ankle. About how many miles did he run before
he had to stop? Explain.

Since Connor ran for 40 minutes, he ran more than 3.5 miles, but less than 5.3 miles. Since 40 is between
30 and 45, then we can use those reference points to make an estimate of how many miles he ran in 40
minutes, probably about 5 miles.
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[@] Lesson 12: Linear Equations in Two Variables

Student Outcomes

Lesson 12 m 0

=  Students use a table to find solutions to a given linear equation and plot the solutions on a coordinate plane.

Lesson Notes

In this lesson, students will find solutions to a linear equation in two variables using a table, then plot the solutions as
points on the coordinate plane. Students will need graph paper in order to complete the Exercises and the Problem Set.

Classwork

Opening Exercise (5 minutes)

Students complete the Opening Exercise independently in preparation for the discussion about standard form and

solutions that follows.

Opening Exercise

Emily tells you that she scored 32 points in a basketball game with only two- and three-point baskets (no free throws).
How many of each type of basket did she score? Use the table below to organize your work.

Number of Two-Pointers Number of Three-Pointers
16 0
13 2
10 4
7 6
4 8
1 10

represent the situation.

Let x be the number of two-pointers and y be the number of three-pointers that Emily scored. Write an equation to

2x+3y =32

Discussion (10 minutes)

= An equation in the form of ax + by = c is called a linear equation in two variables, where a, b, and c are
constants, and at least one of a and b are not zero. In this lesson, neither a nor b will be equal to zero. In the
Opening Exercise, what equation did you write to represent Emily’s score at the basketball game?

° 2x+3y =32

=  The equation 2x + 3y = 32 is an example of a linear equation in two variables.
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= An equation of this form, ax + by = c, is also referred to as an equation in standard form. Is the equation you
wrote in the opening exercise in standard form?

©  Yes, itisin the same form as ax + by = c.
= In the equation ax + by = c, the symbols a, b, and ¢ are constants. What, then, are x and y?

o The symbols x and y are numbers. Since they are not constants, it means they are unknown numbers,
typically called variables, in the equation ax + by = c.

= Forexample, —50x + y = 15 is a linear equation in x and y. As you can easily see, not just any pair of
numbers x and y will make the equation true. Consider x = 1 and y = 2. Does it make the equation true?

®  No, because —50(1) + 2 = =50 + 2 = —48 +# 15.

=  What pairs of numbers did you find that worked for Emily’s basketball score? Did just any pair of numbers
work? Explain.

e Students should identify the pairs of numbers in the table of the Opening Exercise. No, not just any pair
of numbers worked. For example, | couldn’t say that Emily scored 15 two-pointers and 1 three-pointer
because that would mean she scored 33 points in the game, and she only scored 32 points.

= Asolution to the linear equation in two variables is an ordered pair of numbers (x, y) so that x and y makes
the equation a true statement. The pairs of numbers that you wrote in the table for Emily are solutions to the
equation 2x + 3y = 32 because they are pairs of numbers that make the equation true. The question
becomes, how do we find an unlimited number of solutions to a given linear equation?

@ Guess numbers until you find a pair that makes the equation true.

= Astrategy that will help us find solutions to a linear equation in two variables is as follows: We fix a number
for x. That means we pick any number we want and call it x. Since we know how to solve a linear equation in
one variable, then we solve for y. The number we picked for x and the number we get when we solve for y is
the ordered pair (x, y), which is a solution to the two variable linear equation.

= Forexample, let x = 5. Then, in the equation —50x + y = 15 we have

—50(5) +y =15
—250+y =15
—250 + 250 +y =15 + 250
y = 265.

Therefore, (5,265) is a solution to the equation —50x + y = 15.

= Similarly, we can fix a number for y and solve for x. Let y = 10, then

—50x + 10 = 15
—50x + 10 — 10 = 15 — 10
—50x =5
50 5
—50% T =50
1
X = 10

Therefore, (—%, 10) is a solution to the equation —50x + y = 15.
Ask students to provide you with a number for x or y and demonstrate how to find a solution. You can do this more
than once in order to prove to students that you can find a solution no matter which number you choose to fix for x or y.

Once they are convinced, allow them to work on the Exploratory Challenge.
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Exploratory Challenge/Exercises 1-5 (20 minutes)

Students can work independently or in pairs to complete the exercises. Every few minutes, have students share their
tables and graphs with the class. Make suggestions to students as they work as to which values for x or y they could
choose. For example, in Exercises 1 and 2, small numbers would ease the mental math work. Exercise 3 may be made
easier if they choose a number for y and solve for x. Exercise 4 can be made easier if students choose values for x that
are multiples of 5. As you make suggestions, ask students why your suggestions would make the work easier.

Exploratory Challenge/Exercises

1.  Find five solutions for the linear equation x + y = 3, and plot the solutions as points on a coordinate plane.

x Linear equation:
x+y=3 y
1 1+y=3 2
2 2+y=3 1
3 3+y=3 0
4 4+y=3 -1
5 5+y=3 -2
Yy
1
0 X
-3 -2 -1 0 1 2 3 4 7 8
-1
-2
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2.

Find five solutions for the linear equation 2x — y = 10, and plot the solutions as points on a coordinate plane.

Linear equation:

x 2x—y=10 Y
2(1)-y=10
2-y=10
1 2-2-y=10-2 -8
y=-8
2(2)-y=10
4-y=10
2 4-4-y=10—-4 -6
-y=6
y=-6
2(3)—-y=10
6—-y=10
3 6-6—y=10—-6 —4
-y=4
y=—4
24)-y=10
8-y=10
4 8-8—-y=10-8 -2
—y=2
y=-2
2(5)-y=10
5 10—y =10 0
y=0
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3.  Find five solutions for the linear equation x + 5y = 21, and plot the solutions as points on a coordinate plane.
x Linear equation:
x+5y=21 y
x+5(1) =21
16 x+5=21 1
x=16
x+5(2)=21
11 x+10 =21 2
x=11
x+53)=21
6 x+15=21 3
xX=6
x+504) =21
1 x+20=21 4
x=1
x+5(5) =21
—4 x+25=21 5
x=-4
y
0
2
4.  Consider the linear equation Ex +y=11.
a. Will you choose to fix values for x or y? Explain.
If 1 fix values for x, it will make the computations easier. Solving for y can be done in one step.
b. Are there specific numbers that would make your computational work easier? Explain.
2
Values for x that are multiples of 5 will make the computations easier. When | multiply E by a multiple of 5, |
will get an integer.
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2
c. Find five solutions to the linear equation s x + y = 11, and plot the solutions as points on a coordinate

plane.

Linear equation:

2
x —x+y=11 Y
5
2
§(5)+y=11
5 2+y=11 9
y=9

2
50 +y=11
10 4+y=11 7
y=7

2
(15 +y=11

15 6+y=11 5
y=5

2
$20+y=11
20 8+y=11 3
y=3

Z
@9 +y=11
25 10+y=11 1
y=1
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5. Atthe store, you see that you can buy a bag of candy for $2 and a drink for $1. Assume you have a total of $35 to
spend. You are feeling generous and want to buy some snacks for you and your friends.

a. Write an equation in standard form to represent the number of bags of candy, x, and the number of drinks, y,
that you can buy with $35.

2x+y=35
b. Find five solutions to the linear equation from part (a), and plot the solutions as points on a coordinate plane.
Linear equation:
* 2x+y=35 y
24)+y=35
4 8+y=35 27
y =27
2(5)+y=35
5 10+y =35 25
y=25
2(8)+y=35
8 16 +y =35 19
y=19
2(10)+y =35
10 20+y=35 15
y=15
2(15)+y =35
15 30+y=35 5
y=5

\ \ \ \ \ | Bags of|Candy]
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Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

= Atwo-variable equation in the form of ax + by = c is known as a linear equation in standard form.
= Asolution to a linear equation in two variables is an ordered pair (x, y) that makes the given equation true.

=  We can find solutions by fixing a number for x or y, then solving for the other variable. Our work can be made
easier by thinking about the computations we will need to make before fixing a number for x or y. For

. - 1 .
example, if x has a coefficient of 7 we should select values for x that are multiples of 3.

Lesson Summary
A two-variable linear equation in the form ax + by = c is said to be in standard form.

A solution to a linear equation in two variables is the ordered pair (x, y) that makes the given equation true.
Solutions can be found by fixing a number for x and solving for y or fixing a number for y and solving for x.

Exit Ticket (5 minutes)
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Name Date

Lesson 12: Linear Equations in Two Variables

Exit Ticket

1. Isthe point (1, 3) a solution to the linear equation 5x — 9y = 32? Explain.

2. Find three solutions for the linear equation 4x — 3y = 1, and plot the solutions as points on a coordinate plane.

Linear equation:

4x —3y =1
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Exit Ticket Sample Solutions

1. Isthe point (1, 3) a solution to the linear equation 5x — 9y = 32? Explain.
No, (1, 3) is not a solution to 5x — 9y = 32 because 5(1) —9(3) =5 — 27 = —22, and —22 + 32.
2.  Find three solutions for the linear equation 4x — 3y = 1, and plot the solutions as points on a coordinate plane.
Linear equation:
* 4x — ??y =1 y 10 ¢
4(1)—-3y=1 g- L 3
4-3y=1
1 —3y--3 1 8
y=1 7
4x-3(5)=1 6-
4x—-15=1
4 4x =16 5 * t
x=4 44
4(7)-3y=1 .
28-3y=1
7 —3y=-27 9 ]
y=9 14 °
0 X
0o 1 2 3 4 5 6 7 8

Problem Set Sample Solutions

Students practice finding and graphing solutions for linear equations that are in standard form.

1.  Consider the linear equation x — %y = -2.
a. Will you choose to fix values for x or y? Explain.

If 1 fix values for y, it will make the computations easier. Solving for x can be done in one step.

b. Are there specific numbers that would make your computational work easier? Explain.

3
Values for y that are multiples of 2 will make the computations easier. When | multiply 2 by a multiple of 2, |

will get a whole number.
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Cc.

Find five solutions to the linear equation x — 3y = —2, and plot the solutions as points on a coordinate

EUREKA
MATH

plane.
Linear equation:
x 3 y
x—iy——Z
3
-—=2)=-2
x—5@)
1 x—3=-2 2
x—3+3=-2+3
x=1
3
——4)=-2
x—5 @)
4 X—6=-2 4
XxX—6+6=-2+6
x=4
3
x=5(6) =2
7 x—9=-2 6
XxX—9+9=-2+9
x=17
3
x-5(8)=-2
10 x—12=-2 8
x—12+4+12=-2+12
x=10
3
—=(10) =-2
x—5(10)
13 x—15=-2 10
x—15+15=-2+15
x =13
114y
10
7
X
2 10 11 12 13 14
Lesson 12: Linear Equations in Two Variables
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1
2.  Find five solutions for the linear equation 3 x + y = 12, and plot the solutions as points on a coordinate plane.

Linear equation:

1
x sx+y=12 Y
3
1
3 +y=12
3 1+y=12 1
y=11
1
3O +y=12
6 2+y=12 10
y=10
1
3O +y=12
9 3+y=12 9
y=9

1
3 +y=12

12 4+y=12 8
y=8
1
35 +y=12
15 5+y=12 7
y=7
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3.  Find five solutions for the linear equation —x + V= —6, and plot the solutions as points on a coordinate plane.

Linear equation:

x 3 y
—x+Zy——6
3
—x+Z(4)——6
—-x+3=-6
9 —-x+x+3=—-6+x 4
3=—6+x
3+6=—-6+6+x
9=x
3
—x+Z(8)——6
—-x+6=-6
12 —Xx+x+6=—-6+x 8
6=—-6+x
6+6=—-6+6+x
12 =x
3
—x+Z(12)——6
—-x+9=-6
15 —X+x+9=-6+x 12
9=-6+x
9+6=-6+6+x
15=x
3
—x+Z(16)——6
-x+12=-6
18 —x+x+12=-6+x 16
12=-6+x
12+6=-6+6+x
18 =x
3
—x+Z(20)——6
—x+15=-6
21 —-x+x+15=-6+x 20
15=—-6+x
15+6=-6+6+x
21=x

EUREKA
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4.  Find five solutions for the linear equation 2x + y = 5, and plot the solutions as points on a coordinate plane.
x Linear equation:
2x+y=5 y
2()+y=>5
1 2+y=5 3
y=3
2(2)+y=5
2 4+y=5 1
y=1
23)+y=>5
3 6+y=5 -1
y=-1
24)+y=>5
4 8+y=5 -3
y=-3
2(5)+y=5
5 10+y=5 _5
y=-5
y
2
1
0 X
-2 -1 0 1 2 3 4 5 6 7 8
-1
-2
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5.  Find five solutions for the linear equation 3x — 5y = 15, and plot the solutions as points on a coordinate plane.

Linear equation:

* 3x—-5y=15 y
3x—5(1) =15
3x-5=15
3x-5+5=15+5
20 3x =20 1
3 3 20
3*73
20
T3
3x—5(2) =15
3x-10=15
3x—10+10=15+10
25 3x =25 2
3 3 25
3*73
25
T3
3x—5(3) =15
3x—15=15
10 3x—15+15=15+15 3
3x =30
x=10
3x—54) =15
3x—-20=15
3x—20+20=15+20
35 3x =35 4
3 35
3" 73
35
*~3
3x—5(5) =15
3x—25=15
3x—25+25=15+25
40 3x =40 5
3 3 40
3" 73
40
*~3
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E Lesson 13: The Graph of a Linear Equation in Two Variables

Student Outcomes

= Students predict the shape of a graph of a linear equation by finding and plotting solutions on a coordinate
plane.

=  Students informally explain why the graph of a linear equation is not curved in terms of solutions to the given
linear equation.

Classwork
Discussion (20 minutes)

= Inthe last lesson, we saw that the solutions of a linear equation in two variables can be plotted on a
coordinate plane as points. The collection of all points (x, y) in the coordinate plane so that each (x,y) is a
solution of ax + by = cis called the graph of ax + by = c.

= Do you think it is possible to plot all of the solutions of a linear equation on a coordinate plane?
o No, itis not possible. There are an infinite number of values we can use to fix one of the variables.

= For that reason, we cannot draw the graph of a linear equation. What we can do is plot a few points of an
equation and make predictions about what the graph should look like.

= Let’s find five solutions to the linear equation x + y = 6 and plot the points on a coordinate plane. Name a
solution.

As students provide solutions (samples provided below), organize them in an x-y table, as shown. It is most likely that
students will give whole number solutions only. Accept them for now.

Al w | N|R ol R
N | W |||

EUREKA Lesson 13: The Graph of A Linear Equation in Two Variables 153
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 13 m 0

= Now let’s plot these points of the graph of x + y = 6 on a coordinate plane.

v

= Can you predict the shape of the graph of this linear equation based on just the five points we have so far?
o [t looks like the points lie on a line.
= Yes, at this point it looks like the graph of the equation is a line, but for all we know, there can be some curved
parts between some of these points.

For all we know, the graph of x + y = 6 could be the following curve. Notice that this curve passes through the selected
five points.
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= The only thing we can do at this point is find more solutions that would show what the graph looks like
between the existing points. That means we will have to look at some points with coordinates that are
fractions. Name a solution that will plot as a point between the points we already have on the graph.

Add to the x-y table. Sample solutions provided below.

X y
0 6
1 5
2 4
3 3
4 2
1 51
2 2
11 41
2 2
21 31
2 2
31 21
2 2
41 11
2 2

= Now let’s add these points of the graph of x + y = 6 on our coordinate plane.
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=  Areyou convinced that the graph of the linear equation x + y = 6 is a line? You shouldn’t be! What if it
looked like this.

Again, draw curves between each of the points on the graph to show what the graph could look like. Make sure to have
curves in quadrants Il and IV to illustrate the need to find points that fit (or do not fit) the pattern of the graph when x-
and y-values are negative.

= Now it is time to find more solutions. This time, we will need to come up with solutions where the x-value is
negative or the y-value is negative.

Add to the x-y table. Sample solutions are provided below.

x y
0 6
1 5
2 4
3 3
4 2
1 51
2 2
11 41
2 2
21 31
2 2
31 21
2 2
41 11
2 2
-1 7
-2 8
-3 9
7 -1
8 -2
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= Now we have 15 solutions to the equation x + y = 6. Are you convinced that the graph of this equation is a
line?

o Students should say that they are still unsure; even though it looks like the graph is forming a line, there
is a possibility for a curve between some of the existing points.
= Based on the look of the graph, does the point (g,%) belong to the graph of the linear equation x + y = 6?
Why or why not?
o [t looks like (g,%) should be on the graph of the linear equation because it looks like the point would
follow the pattern of the rest of the points, i.e., be on the line.
17 1
3’3

= Just by looking at the graph, we cannot be sure. We can predict that ( ) ison the graphof x +y =6

because it looks like it should be. What can we do to find out for sure?
. . . . 17 1 .
o Since each point on the graph represents a solution to the equation and, if 5 + 3= 6, which it does,

then we can say, for sure, that (g,%) is a point on the graph of x +y = 6.
= Just by looking at the graph, would you say that (—2 %, 4) is a point on the graph of x +y = 6?

o Based on the graph, it does not look like the point (—2 %, 4) would be on the graph of x +y = 6.
= How do you know that the graph does not curve down at that point? How can you be sure?
o | would have to see if (—2 ;, 4) is a solution to x + y = 6; it is not a solution because —2 % +4=1 %,
not 6. Therefore, the point (—2 ;, 4) is not a solution to the equation.

= At this point, we can predict that the graph of this linear equation is a line. Does that mean that the graph of
every linear equation is a line? Might there be some linear equations so that the graphs of those linear
equations are not lines? For now, our only method of proving or disproving our prediction is plotting solutions
on a coordinate plane. The more we learn about linear equations, the better we will be able to answer the
questions just asked.
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Exercises 1-6 (15 minutes)

Students will need graph paper to complete Exercises 1-2. Students work independently on Exercises 1-2 for the first 10
minutes. Then, they share their solutions with their partners and plot more points on their graphs. As students work,
verify through discussion that they are choosing a variety of rational numbers to get a good idea of what the graph of the
linear equation will look like. Exercise 6 is an optional exercise because it challenges students to come up with an
equation that does not graph as a line

Exercises

1.  Find at least ten solutions to the linear equation 3x + y = —8, and plot the points on a coordinate plane.

Linear Equation:

x 3x+y=-8 y
3()+y=-8
1 3+y=-8 -11
y=-11
3(11)+ =-8
2) Y=
11 41+ =-8 121
2 27" b
= 121
Y 2
32)+y=-8
2 6+y=-8 -14
y=-14
33)+y=-8
3 9+y=-8 -17
y=-17

3(31)+ -8
2) YT

31 101+ = -8 181
2 27" 2
- 18]
Y=
34)+y=-8
4 12+y=-8 —-20
y=-20
3(-1)+y=-8
-1 -3+y=-8 -5
y=-5
3(-2)+y=-8
-2 —-6+y=-8 -2
y=-2
3(-3)+y=-8
-3 -9+y=-8 1
y=1
3(-4)+y=-8
4 -12+y=-8 4
y=4
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What shape is the graph of the linear equation taking?

The graph appears to be the shape of a line.

EUREKA
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2.  Find at least ten solutions to the linear equation x — 5y = 11, and plot the points on a coordinate plane.
Linear Equation:
* x—5y=11 y
5 (1) 11
X — —| =
2
13 L x—2 Lo 11 L
2 2 2
=13 L
=13
x—-5(1) =11
16 x—5=11 1
x =16
5 (1 1) 11
X — — =
2
18 L x—17 Lo 11 1 L
2 2 2
=18 L
=10
x—-52)=11
21 x—10=11 2
x =21
5 (2 1) =11
X 2) =
1 1 1
— x—12-=11 —
23 2 2 2 2
x=23-
Lesson 13: The Graph of A Linear Equation in Two Variables
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x—53)=11
26 x—15=11 3
x =26
x—5(-1)=11
6 x+5=11 -1
xX=6
x—5(-2)=11
1 x+10=11 -2
x=1
x—5(-3)=11
—4 x+15=11 -3
x=-4
x—5(-4)=11
-9 x+20=11 —4
x=-9

What shape is the graph of the linear equation taking?

The graph appears to be the shape of a line.

3.  Compare the solutions you found in Exercise 1 with a partner. Add their solutions to your graph.

Is the prediction you made about the shape of the graph still true? Explain.

Yes. With the additional points, the graph still appears to be the shape of a line.

4. Compare the solutions you found in Exercise 2 with a partner. Add their solutions to your graph.

Is the prediction you made about the shape of the graph still true? Explain.

Yes. With the additional points, the graph still appears to be the shape of a line.
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5. Joey predicts that the graph of —x + 2y = 3 will look like the graph shown below. Do you agree? Explain why or
why not.

No, I do not agree with Joey. The graph that Joey drew contains the point (0,0). If (0,0) is on the graph of the
linear equation, then it will be a solution to the equation; however, it is not. Therefore, the point cannot be on the
graph of the equation, which means Joey’s prediction is incorrect.

6. We have looked at some equations that appear to be lines. Can you write an equation that has solutions that do
not form a line? Try to come up with one and prove your assertion on the coordinate plane.

Answers will vary. Any nonlinear equation that students write will graph as something other than a line. For
example, the graph of y = x? or the graph of y = x* will not be a line.

Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

= All of the graphs of linear equations we have done so far appear to take the shape of a line.

=  We can show whether or not a point is on the graph of an equation by checking to see if it is a solution to the
equation.

Lesson Summary

One way to determine if a given point is on the graph of a linear equation is by checking to see if it is a solution to
the equation. At this point, all graphs of linear equations appear to be lines.

Exit Ticket (5 minutes)
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Name Date

Lesson 13: The Graph of a Linear Equation in Two Variables

Exit Ticket

1. Ethan found solutions to the linear equation 3x — y = 8 and graphed them. What shape is the graph of the linear
equation taking?

2. Could the following points be on the graph of —x + 2y = 5?

74

64

L]
y
54 L[]
[
4 L]
[ ]
34
L]
L3 2
L[]
° 1

[ ]

0 X
5 4 3 2 1 0 1 2 3 4 5 6
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1.

2.

Ethan found solutions to the linear equation 3x — y = 8 and graphed them. What shape is the graph of the linear

equation taking?

It appears to take the shape of a line.

Could the following points be on the graph of —x + 2y = 5?

[

Student may have chosen any point to make the claim that this is not the graph of the equation —x + 2y = 5.

Although the graph appears to be a line, the graph contains the point (0, 3). The point (0, 3) is not a solution to the
linear equation; therefore, this is not the graph of —x + 2y = 5.

Note to teacher: Accept any point as not being a solution to the linear equation.
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In Problem 1, students graph linear equations by plotting points that represent solutions. For that reason, they will need
graph paper. Students informally explain why the graph of a linear equation is not curved by showing that a point on the

curve is not a solution to the linear equation.

1
1. Find at least ten solutions to the linear equation E x + y = 5, and plot the points on a coordinate plane.

Linear Equation:

lety=5
25Ty =

1
E(—2)+y=5
-1+y=5
y=6
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What shape is the graph of the linear equation taking?

The graph appears to be the shape of a line.

2.  Can the following points be on the graph of the equation x —y = 0? Explain.

The graph shown contains the point (0,—2). If

(0,—2) is on the graph of the linear equation, then
it will be a solution to the equation. It is not;

therefore, the point cannot be on the graph of the

1 equation, which means the graph shown cannot be
the graph of the equation x —y = 0.

EUREKA
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org

Lesson 13:

The Graph of A Linear Equation in Two Variables

165


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 13 m 0

3.  Can the following points be on the graph of the equation x + 2y = 2? Explain.

The graph shown contains the point (—4,1). If (—4, 1) is on the graph of the linear equation, then it will be a
solution to the equation. It is not; therefore, the point cannot be on the graph of the equation, which means the
graph shown cannot be the graph of the equation x + 2y = 2.

4. Can the following points be on the graph of the equation x —y = 7? Explain.

Yes, because each point on the graph represents a solution to the linear equation x —y = 7.
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5.  Can the following points be on the graph of the equation x + y = 2? Explain.

Yes, because each point on the graph represents a solution to the linear equation x +y = 2.

6.  Can the following points be on the graph of the equation 2x — y = 9? Explain.

Yes, because each point on the graph represents a solution to the linear equation 2x —y = 9.
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7.  Can the following points be on the graph of the equation x —y = 1? Explain.

The graph shown contains the point (—2,—1). If (—2,—1) is on the graph of the linear equation, then it will be a
solution to the equation. It is not; therefore, the point cannot be on the graph of the equation, which means the
graph shown cannot be the graph of the equation x —y = 1.
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E Lesson 14: Graph of a Linear Equation—Horizontal and

Vertical Lines

Student Outcomes

= Students graph linear equations in standard form, ax + by = c (a or b = 0), that produce a horizontal or a
vertical line.

Lesson Notes

The goal of this lesson is for students to know that the graph of an equation in the form of x = cory = ¢, wherecisa
constant, is the graph of a vertical or horizontal line, respectively. In order to show this, we begin with linear equations
in two variables, ax + by = ¢, where one of the coefficients of x or y is equal to zero. The reason behind this is that
students know an ordered pair (x,y) is a point on a coordinate plane, as well as a solution to the equation ax + by = c.
Frequently, when students see an equation in the form of x = c or y = ¢, they think of it as just a number, not a point or
a line. To avoid this, the approach to graphs of horizontal and vertical lines is embedded with what students already
know about points and solutions to linear equations in two variables. In this lesson, students begin by graphing and
exploring the connection between ax + by = ¢ and x = c in the first three exercises, and then a discussion follows to
solidify the concept that the graph of the linear equation x = c is a vertical line. Similar exercises precede the discussion
for the graph of y = c as a horizontal line.

Classwork
Exercises 1-3 (5 minutes)

Students complete Exercises 1-3 independently or in pairs in preparation for the discussion that follows. Students will
need graph paper to complete the exercises.

Exercises

1.  Find at least four solutions to graph the linear equation 1x + 2y = 5.

Y

1-5, 51

(-3, 4)

(-1, 3)

(1, 2)

(3, 1)

[ (5, 0) X

(7, -1)
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2.  Find at least four solutions to graph the linear equation 1x + 0y = 5.

3.  What was different about the equations in Exercises 1 and 2? What effect did this change have on the graph?

In the first equation, the coefficient of y was 2. In the second equation, the coefficient of y was 0. The graph
changed from being slanted to a vertical line.

Discussion (14 minutes)

From Lesson 13, we can say that the graph of a linear equation in two variables looks like a line. We want to
be able to prove that the graph is a line, not just predict. For that reason, we will begin with two special cases
of linear equations in two variables.

Given a linear equation in two variables ax + by = c, where a, b, and c are constants, we will look first at Case
1, where a = 1 and b = 0. (In the past we have said that a and b # 0). To do some investigating, let’s say
that ¢ = 5. Then we have the following equation:

1-x+0-y=5.
For the linear equation 1- x + 0 - y = 5, we want to find solutions, (x, y), to plot as points on a coordinate

plane. How have we found solutions in prior lessons?

@ We find solutions by picking a number for x or y, and then solve for the other variable. The numbers
(x,y) are a solution to the equation.

What happens if we pick 7 for x? Explain.
e If we pick 7 for x, then we get

1-7+0-y=5
7+0-y=5
0-y=-2

0+ -2

If we replace x with 7, then we get an untrue statement. Therefore, (7,y) is not a solution to this

linear equation.
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A STORY OF RATIOS Lesson 14 m 6

=  What happens if we pick 7 for y? Explain.
o [f we pick 7 fory, then we get

1-x4+0-7=5
x+0=5
x = 5.

If we replace y with 7, then we see that x = 5. Therefore, (5,7) is a solution to this linear equation.

=  What happens if we pick —3 for y? Explain.
@ If we pick =3 for y, then we get
1-x+0-(=3)=5
x+0=5
x =5.
If we replace y with —3, then we see that x = 5. Therefore, (5, —3) is a solution to this linear

equation.
=  What happens if we pick%for y? Explain.

o If we pick : fory, then we get
2

1
1'x+0~5=5
x+0=5
x =5.

If we replace y with %, then we see that x = 5. Therefore, (5, %) is a solution to this linear equation.

=  What do you notice about the x-value each time we pick a number for y?
@ Each time we pick a number for y, we keep getting x = 5.
=  Look at the equation again, can we show that x must always be equal to 5?

@ Yes, if we transform the equation, we see that x = 5:

1-x+0-y=5
x+0=5
x = 5.

= What does that mean for our y-values? Which number will produce a solution where x = 5?

@ QOur y-values can be any number. No matter which number we pick for y, the value for x will always be
equal to 5.

= Let’s graph the solutions we found and a few more.

EUREKA Lesson 14: Graph of a Linear Equation—Horizontal and Vertical Lines
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org

171


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 14 m 0

Add points to the graph as a result of student responses to “If y = a number, then what value is x?” The graph should
look similar to what is shown below.

Focus in on one unit, between 2 and 3 for example, and explain that all of the fractional values for y between 2 and
3 will produce a solution where x = 5.
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= If this process is repeated between all integers, then the result is the vertical line x = 5, as shown in blue.

= The graph of the equation ax + by = ¢, wherea = 1, b = 0, and ¢ = 5, is the vertical line passing through
point (5, 0).
= The above situation is not unique. That is, in the equation ax + by = ¢, we chose the value for c to be 5. The

same reasoning can be used for any value of c. If we chose c to be 6, what do you think the graph would look
like?

©  The graph would probably be a vertical line passing through the point (6, 0).

= If we chose ¢ to be — %, what do you think the graph would look like?

@ The graph would probably be a vertical line passing through the point (— %, 0).

=  Notice that the equation 1 - x + 0 - y = c is equivalent to x = c. Therefore, we can make the following
conclusion in the form of a theorem:

THEOREM: The graph of x = c is the vertical line passing through (¢, 0), where c is a constant.

=  To prove this theorem, we first want to show that the graph of x = c will intersect the x-axis. To show that
the graph of x = c intersects the x-axis, we actually have to show that the graph of x = c is not parallel to the
x-axis because if it were parallel, it would not intersect the x-axis. Therefore, if we can show that x = c is not
parallel to the x-axis, then it must intersect it at some point. How do we know that the graph of x = cis not
parallel to the x-axis?

o We know it is not parallel to the x-axis because it intersects the x-axis at (c, 0).

= Then the graph of x = ¢ must be parallel to the y-axis. This is because of how we define/set up the coordinate
plane. The plane is comprised of horizontal lines parallel to the x-axis and vertical lines parallel to the y-axis.
Since x = c is not parallel to the x-axis, then it must be parallel to the y-axis.
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= Now we need to show that x = c is the graph of the only line that is parallel to the y-axis going through the
point (¢, 0). How do we show that there is only one line parallel to the y-axis passing through a specific point?

o That goes back to what we learned about basic rigid motions. If we rotate a line around a center 180°
(in this particular case, we would rotate around the point (2.5, 0)), then we will get an image of the
line parallel to the line itself. There exists only one line parallel to a given line that goes through a
specific point.

= For that reason, we know that the graph of x = c is the vertical line that passes through (c, 0).

Exercises 4—6 (3 minutes)

Students complete Exercises 4—6 independently. Students will need graph paper to complete the exercises.

4.  Graph the linear equation x = —2.

5.  Graph the linear equation x = 3.
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6.  What will the graph of x = 0 look like?

The graph of x = 0 will look like a vertical line that goes through the point (0, 0). It will be the same as the y-axis.

Exercises 7-9 (5 minutes)

Students complete Exercises 7-9 independently or in pairs in preparation for the discussion that follows. Students will
need graph paper to complete the exercises.

7.  Find at least four solutions to graph the linear equation 2x + 1y = 2.

(-1, 4)

(0, 2)

0 (1,0 X

2,-2)

(3, -4)

8.  Find at least four solutions to graph the linear equation Ox + 1y = 2.

(-5,2) 1(-4,2) 1(-3,2) 1(-2,2) [(-1,2) 1(0,2) 1(1,2) 12,2) [3,2) 14, 2) [(5,2) .(6,2) .(7,2) 18,2)

9. What was different about the equations in Exercises 7 and 8? What effect did this change have on the graph?

In the first equation, the coefficient of x was 2. In the second equation, the coefficient of x was 0. The graph
changed from being a slanted line to a horizontal line.
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Discussion (8 minutes)
= Now for Case 2. We need to look at the graph of the linear equation in two variables ax + by = ¢, where
a=0,b=1,andcisaconstant.
= Let’s pick a number for ¢, as we did for Case 1. Let ¢ = 2. Then we have the equation 0 -x +1-y = 2.
= Now let’s find a few solutions for this linear equation. What happens if we pick 7 for y? Explain.

@ If we pick 7 fory, then we get

0-x+1-7=2
0+7=2
7 # 2.

If we replace y with 7, then we get an untrue statement. Therefore, (x,7) is not a solution to this
linear equation.

= If x = 5, what value does y have? Explain.

o Thevalue of y is 2 because

0-5+1-y=2
0O+y=2
y =2

Therefore, (5, 2) is a solution to the linear equation.
. If x = =5, what value does y have? Explain.
o Thevalue of y is 2 because
0-(=5+1-y=2
0+y=2
y =2
Therefore, (—5, 2) is a solution to the linear equation.

= If x = %, what value does y have? Explain.

o Thevalue of y is 2 because

1
0-E+1-y=2
0+y=2
y=2.

1 . . . .
Therefore, (E’ 2) is a solution to the linear equation.

= Do you see a similar pattern emerging for this linear equation? Explain.

o Yes, no matter which value we pick for x, the y-value is always 2. Therefore, the graph of
0-x+1-y=~2isequivalenttoy = 2.

=  What do you think the graph of y = 2 will look like?
o Students may predict that the graph of y = 2 is the horizontal line that goes through the point (0, 2).
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A STORY OF RATIOS Lesson 14 m 0

As before, place the solutions you found as points of a graph. Add points to the graph as a result of student responses to
“If x = a number, then what value is y?” The graph should look something like what is shown below.

Again, focus in on one unit, between 5 and 6 for example, and explain that all of the fractional values for x between 5
and 6 will produce a solution where y = 2.
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= If this process is repeated between all integers, then the result is the horizontal line y = 2, as shown in blue.

= The graph of the equation ax + by = ¢, wherea = 0, b = 1, and ¢ = 2 is the horizontal line passing through
point (0, 2).
= The above situation is not unique. As before in the equation ax + by = c, we chose the value for c to be 2.

The same reasoning can be used for any value c. If we chose ¢ to be 6, what do you think the graph would
look like?

©  The graph would probably be a horizontal line passing through the point (0, 6).

=  [fwechose cto be — %, what do you think the graph would look like?

o The graph would probably be a horizontal line passing through the point (0, - %)

= We can generalize this to a theorem:
THEOREM: The graph of y = c is the horizontal line passing through the point (0, ¢).

=  We can also say that there is only one line with the equation y = ¢ whose graph is parallel to the x-axis that
goes through the point (0, ¢).

=  The proofs of these statements are similar to the proofs for vertical lines.
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Exercises 10-12 (3 minutes)

Students complete Exercises 10—12 independently. Students will need graph paper to complete the exercises.

10. Graph the linear equationy = —2.

11. Graph the linear equationy = 3.

12. What will the graph of y = 0 look like?

The graph of y = 0 will look like a horizontal line that goes through the point (0,0). It will be the same as the
X-axis.

EUREKA Lesson 14: Graph of a Linear Equation—Horizontal and Vertical Lines 179
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 14 m 0

Closing (3 minutes)
Summarize, or ask students to summarize, the main points from the lesson:

= The graph of the linear equation in two variables ax + by = ¢, where a = 1 and b = 0, is the graph of the
equation x = c¢. The graph of x = c is the vertical line that passes through the point (c, 0).

= The graph of the linear equation in two variables ax + by = ¢, where a = 0 and b = 1, is the graph of the
equation y = ¢. The graph of y = c is the horizontal line that passes through the point (0, ¢).

Lesson Summary

A linear equation in standard form, ax + by = c where a = 1 and b = 0, is the graph of the equation x = c. The
graph of x = c is the vertical line passing through the point (¢, 0).

A linear equation in standard form, ax + by = ¢ where a = 0 and b = 1, is the graph of the equation y = c. The
graph of y = c is the horizontal line passing through the point (0, ¢).

Exit Ticket (4 minutes)
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Name Date

Lesson 14: Graph of a Linear Equation—Horizontal and Vertical

Lines

Exit Ticket

1. Graph the linear equation ax + by = ¢, wherea = 0,b =1, and ¢ = 1.5.

y

0 X
5 4 3 2 1 0 1 2 3 4 5
N
N
N
N
N
. . 5

2. Graph the linear equation ax + by = c, wherea=1,b =0,andc = -5
ML
o
N
N
o
0 X
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3. What linear equation represents the graph of the line that coincides with the x-axis?

4. What linear equation represents the graph of the line that coincides with the y-axis?
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Exit Ticket Sample Solutions

Lesson 14

1.

2.

Graph the linear equation ax + by = ¢, wherea=0,b =1,and c = 1.5.

y

2
(0, 1.5)

Graph the linear equation ax + by = ¢, wherea=1,b =0,and c = — ;

¥

(-5/2,0) 0 X

What linear equation represents the graph of the line that coincides with the x-axis?

y=0

What linear equation represents the graph of the line that coincides with the y-axis?

x=0
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Problem Set Sample Solutions

Students will need graph paper to complete the Problem Set.

Lesson 14 m 0

1.

2.

Graph the two-variable linear equation ax + by = ¢, wherea =0,y = 1,and ¢ = —4.

Graph the two-variable linear equation ax + by = ¢, wherea =1,y =0,and c = 9.
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A STORY OF RATIOS Lesson 14 m 0

3.  Graph the linear equationy = 7.

4.  Graph the linear equation x = 1.

5.  Explain why the graph of a linear equation in the form of y = c is the horizontal line, parallel to the x-axis passing
through the point (0, ).

The graph of y = c passes through the point (0, c) which means the graph of y = ¢ cannot be parallel to the y-axis
because the graph intersects it. For that reason, the graph of y = ¢ must be the horizontal line parallel to the
X-axis.

6. Explain why there is only one line with the equation y = c that passes through the point (0, ¢).

There can only be one line parallel to another that goes through a given point. Since the graph of y = c is parallel to
the x-axis and it goes through the point (0, ¢), then it must be the only line that does. Therefore, there is only one
line that is the graph of the equation y = c that passes through (0, c).
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Name Date

1. Write and solve each of the following linear equations.

1
a. Ofelia has a certain amount of money. If she spends $12, then she has S of the original amount left.

How much money did Ofelia have originally?

b. Three consecutive integers have a sum of 234. What are the three integers?

c. Gilisreading a book that has 276 pages. He already read some of it last week. He plans to read 20

2
pages tomorrow. By then, he will be 3 of the way through the book. How many pages did Gil read

last week?
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A STORY OF RATIOS Mid-Module Assessment Task m

2. a. Without solving, identify whether each of the following equations has a unique solution, no solution,
or infinitely many solutions.
i. 3x+5=-2
ii. 6(x—11)=15—-4x
iii. 12x+9=8x+1+4x

iv. 2(x—3)=10x—6—8x

v. 5x+6=5x—4

b. Solve the following equation for a number x. Verify that your solution is correct.

—15=8x+1

c. Solve the following equation for a number x. Verify that your solution is correct.

72x+5)=4x—-9—x
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3. a. Parker paid $4.50 for three pounds of gummy candy. Assuming each pound of gummy candy costs
the same amount, complete the table of values representing the cost of gummy candy in pounds.

Mid-Module Assessment Task m

Gummy
Candy in 2 3 5 6 7
Pounds (x)
Cost (¥) $4.50
b. Graph the data on the coordinate plane.
14
13
12
11
10
9
8
7
6
5
4
3
2
1
2 3 4 7 8 9 10 11
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A STORY OF RATIOS Mid-Module Assessment Task m

c. Onthe same day, Parker’s friend, Peggy, was charged $5 for 1% Ib. of gummy candy. Explainin
terms of the graph why this must be a mistake.
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Mid-Module Assessment Task m

A Progression Toward Mastery
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STEP 1 STEP 2 STEP 3 STEP 4
Assessment Missing or incorrect | Missing or incorrect | A correct answer A correct answer
Task Item answer and little answer but with some evidence | supported by
evidence of evidence of some of reasoning or substantial
reasoning or reasoning or application of evidence of solid
application of application of mathematics to reasoning or
mathematics to mathematics to solve the problem, | application of
solve the problem. | solve the problem. | or anincorrect mathematics to
answer with solve the problem.
substantial
evidence of solid
reasoning or
application of
mathematics to
solve the problem.

1 a Student makes no Student does not set up Student may or may not Student identifies the
attempt to solve the an equation (i.e., guesses | have set up correct variable as, “Let x be the
problem or leaves the the answer). equation. amount of money Ofelia

8.EE.C.7b problem blank. OR OR had,” or something
OR Student may or may not Student may or may not similar.
Student may or may not have identified the have identified the AND
have identified the variable. variable. Student sets up a correct
variable. OR equation, x — 12 = %x,
Studentlmakes or other equivalent
calculation errors. version.
AND
Student solves for the
variable correctly,
x =15.

b Student makes no Student does not set up Student attempts to set Student identifies the
attempt to solve the an equation (i.e., guesses | up an equation, but may | variable as, “Let x be the
problem or leaves the the answer). have set up an incorrect first integer.”

8.EE.C.7b problem blank. OR equation. AND

OR Student may or may not OR Student sets up a correct
Student may or may not have identified the Student may or may not equation, 3x + 3 = 234,
have identified the variable. have identified the or other equivalent
variable. OR variable. version.

Student makes OR AND

calculation errors. Student makes Student solves the

OR calculation errors. equation correctly and

Student only answers OR identifies all three

part of the question, Student only answers numbers correctly (i.e.,

stating, for example, that | part of the question, 77,78, and 79).

the first numberis 77, stating, for example, that

but does not give all the first numberis 77,

three numbers. but does not give all

three numbers.
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A STORY OF RATIOS

Mid-Module Assessment Task m

c Student makes no Student does not set up Student attempts to set Student identifies the
attempt to solve the an equation (i.e., guesses | up an equation, but may | variable as, “Let x be the
8.EE.C.7b | problem or leaves the the answer). have set up an incorrect number of pages Gil read
problem blank. OR equation. last week,” or something
OR Student may or may not OR similar.
Student may or may not have identified the Student may or may not | AND
have identified the variable. have identified the Student sets up a correct
variable. variable. equation, x + 20 = 184,
OR or other equivalent
Student makes version.
calculation errors leading | AND
to an incorrect answer. Student solves for the
number of pages Gil read
last week as 164 pages.
2 a Student makes no Student determines 1-2 | Student determines 3— Student determines 5 of
attempt to determine of the solution types 5 of the solution types the solutions types
the type of solution or correctly. correctly. correctly. Equations 1
8.EE.C.7a leaves the problem OR OR and 2 have unique
blank. Student may have Student may have solutions, equation 3 has
OR attempted to determine attempted to determine no solution, equation 4
Student determines 0 of | the solutions by solving. the solutions by solving. has infinitely many
the solution types solutions, and equation 5
correctly. has no solution.
OR AND
Student may have Student determines the
attempted to determine solutions by observation
the solutions by solving. only.

b Student makes no Student uses properties Student correctly uses Student correctly uses
attempt to solve the of equality incorrectly, properties of rational properties of rational
problem or leaves the e.g., subtracts 1 from numbers to solve the numbers to solve the

8.EE.C.7b problem blank. just one side of the equation but makes a equation (i.e., finds

equation, or divides by 8 | computational error x = —2). Thereis
on just one side of the leading to an incorrect evidence that the
equation, leading to an solution. For example, student verifies the
incorrect solution. student may have solution.

subtracted 1 from each

side of the equation, but

—15—1ledtoan

incorrect answer.

Student may or may not

have verified the answer.

c Student makes no Student uses the Student uses the Student uses the
attempt to solve the distributive property distributive property distributive property
problem or leaves the incorrectly on both sides | correctly on one or both correctly on both sides of

8.EE.C.7b problem blank. of the equation, e.g., sides of the equation, the equation leading to a
7(2x +5) = 14x+5o0r | but makesa correct solution (i.e.,
4x — x = 4, leading to computational error x = —4). Thereis
an incorrect solution. leading to an incorrect evidence that the
solution. student verifies the
Student may or may not solution.
have verified the answer.
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A STORY OF RATIOS

Mid-Module Assessment Task m

3 a Student makes no Student completes the Student completes 6— Student completes all
attempt to complete the | table incorrectly but only | 7 parts of the table 8 parts of the table
table or uses completely | because of a simple correctly. A correctly. (See table

8.EE.B.5 ) : . )
random numbers in the computational error in computational error below for correct
blanks. finding the cost of one leads to 1-2 parts being answers.)
pound of candy, leading incorrect.
to all other parts being
incorrect.
Gummy
Candy in 1 2 3 4 5 6 8 9
Pounds (x)
Cost (y) $1.50 $3.00 $4.50 $.6.00 $7.50 $9.00 $10.50 $12.00 $13.50
b Student makes no Student plots data points | Student plots 6—7 data Student plots all 8 data
attempt to put the data on the graph but points correctly points correctly
on the graph, or points misplaces a few points. according to the data in according to the data in
8.EE.B.5 are graphed randomly. OR the table. the table.
Student inverses the
data (i.e., plots points
according to (v, x)
instead of (x,y)).
c Student leaves the Student performs a Student makes a weak Student makes a
problem blank. computation to prove argument as to why convincing argument as
the mistake. Littleorno | (1.5,5) could not be to why the point (1.5,5)
8.EE.B.5 reference to the graphis | correct. Student may could not be correct.
made in the argument. have connected the dots | Student references the
on the graph to show relationship being
(1.5,5) could not be proportional and/or
correct. predicts that all points
should fall into a line
based on the existing
pattern of points on the
graph.
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A STORY OF RATIOS Mid-Module Assessment Task m

Name Date

1. Write and solve each of the following linear equations.

1
a. Ofelia has a certain amount of money. If she spends $12, then she has S of the original amount left.

How much money did Ofelia have originally?

T X B e hroont oF Mooy OFeuA TIAD

X-17= BX .
w—kx 12 F12= Lu—txr1z
4,1
s) 218 = W oFeLIA HIAD Shsaw ORI LLS,
?("l "Z"r - -2;

b. Three consecutive integers have a sum of 234. What are the three integers?

Ver o B omg esr (=

v xH] bxv2 = 2B
2K + BT 23Y
Fpaz-B= 23475
% 2% g wienees Mg T1, 78, Prid T
%=1

c. Gilisreading a book that has 276 pages. He already read some of it last week. He plans to read 20

2
pages tomorrow. By then, he will be 3 of the way through the book. How many pages did Gil read
last week?
r x B TME NuMese oF PAGES GIL READ LAST WeEk.

x+t20 = Z(270)

Xy 2le = 184
Fk2D- 207 WEY - 22
=Wy

G gEND |t Phaés Wher \WEEK
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A STORY OF RATIOS

2. a. Without solving, identify whether each of the following equations has a unique solution, no solution,

or infinitely many solutions.

i 3x+5=-2 UM\ Bug

i. 6(x—11)=15—-4x LDNIRUE

Mid-Module Assessment Task m

ii. 12x+9=8x+1+4x N0 SoLunon)

iv. 2(x—3)=10x-6-8x \NEANTFLY AR QUTIONS

V. 5x+6=5x—4

NO 2oL Unon

b. Solve the following equation for a number x. Verify that your solution is correct.

-l5=8x+1
—§ -1

.-.lb_-.i b’x
5 ¢

~7="%

5= B(-2 |
15T ~lpt!
-G = - L

c. Solve the following equation for a number x. Verify that your solution is correct.

M2x+5)=4x -9 -x
}4x+35 = Yx-x-4
14xy35 = x4
Vy-dx 425 = Dx-3%4

N\x+35= -9

Mff";'l-"’?'q'ag
I = =4

xe -t

EUREKA Module 4: Linear Equations
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A STORY OF RATIOS

3. a. Parker paid $4.50 for three pounds of gummy candy. Assuming each pound of gummy candy costs

Mid-Module Assessment Task m

the same amount, complete the table of values representing the cost of gummy candy in pounds.

Gummy

Candy in 1 2 3 4 5 6 7 8 9
pounds (x)

cost () | &G0 | ADOD| qu5 | dpoo | K10 | 49400 | di0S0 | 41240 41250

b. Graph the data on the coordinate plane.

— 14

- 12

— 10

EUREKA | voues
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A STORY OF RATIOS Mid-Module Assessment Task m

c. Onthe same day, Parker’s friend, Peggy, was charged $5 for 1% Ib. of gummy candy. Explainin
terms of the graph why this must be a mistake.

BV THOVGM V5 PounDs OF (Y 1oR'T A Por o THIE GRARH AT
16 PENGONABE TP PRLEVE 1T Wit Fhe i LaE WITH e
omige ponrs, TME @ET OF Vi powds of (ADY POES Nor w1

THE PMTEEN,
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Mathematics Curriculum

GRADE

Topic C:

GRADE 8 « MODULE 4

Slope and Equations of Lines

8.EE.B.5, 8.EE.B.6

Focus Standards:

Instructional Days:

Lesson 15:
Lesson 16:
Lesson 17:
Lesson 18:
Lesson 19:
Lesson 20:
Lesson 21:
Lesson 22:

Lesson 23:

8.EE.B.5 Graph proportional relationships, interpreting the unit rate as the slope of the
graph. Compare two different proportional relationships represented in
different ways. For example, compare a distance-time graph to a distance-time
equation to determine which of two moving objects has greater speed.

8.EE.B.6 Use similar triangles to explain why the slope m is the same between any two
distinct points on a non-vertical line in the coordinate plane; derive the
equation y = mx for a line through the origin and the equation y = mx + b
for a line intercepting the vertical axis at b.

9

The Slope of a Non-Vertical Line (P)?

The Computation of the Slope of a Non-Vertical Line (S)

The Line Joining Two Distinct Points of the Graph y = mx + b has Slope m (S)
There Is Only One Line Passing Through a Given Point with a Given Slope (P)
The Graph of a Linear Equation in Two Variables Is a Line (S)

Every Line Is a Graph of a Linear Equation (P)

Some Facts about Graphs of Linear Equations in Two Variables (P)

Constant Rates Revisited (P)

The Defining Equation of a Line (E)

Topic C begins with students examining the slope of non-vertical lines. Students relate what they know about

unit rate in terms of the slope of the graph of a line (8.EE.B.5). In Lesson 16, students learn the formula for

computing slope between any two points. Students reason that any two points on the same line can be used

to determine slope because of what they know about similar triangles (8.EE.B.6). In Lesson 17, students

transform the standard form of an equation into slope-intercept form. Further, students learn that the slope
of a line joining any two distinct points is the graph of a linear equation with slope, m. In Lesson 18, students

investigate the concept of uniqueness of a line and recognize that if two lines have the same slope and a
common point, the two lines are the same.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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A STORY OF RATIOS Topic C m

Lessons 19 and 20 prove to students that the graph of a linear equation is a line and that a line is a graph of a
linear equation. In Lesson 21, students learn that the y-intercept is the location on the coordinate plane
where the graph of a linear equation crosses the y-axis. Also in this lesson, students learn to write the
equation of a line given the slope and a point. In Lesson 22, constant rate problems are revisited. Students
learn that any constant rate problem can be described by a linear equation in two variables where the slope
of the graph is the constant rate, i.e., rate of change. Lesson 22 also presents students with two proportional
relationships expressed in different ways. Given a graph and an equation, students must use what they know
about slope to determine which of the two has a greater rate of change. Lesson 23 introduces students to
the symbolic representation of two linear equations that would graph as the same line.
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A STORY OF RATIOS Lesson 15 m 6

Lesson 15: The Slope of a Non-Vertical Line

Student Outcomes
= Students know slope is a number that describes the steepness or slant of a line.

=  Students interpret the unit rate as the slope of a graph.

Lesson Notes

In Lesson 13, we made some predictions about what the graph of a linear equation would look like. In all cases, we
predicted that the graph of a linear equation in two variables would be a line. In Lesson 14, we learned that the graph of
the linear equation x = c is the vertical line passing through the point (¢, 0), and the graph of the linear equation y = ¢
is the horizontal line passing through the point (0, ¢).

We would like to prove that our predictions are true: The graph of a linear equation in two variables is a line. Before we
do, we need some tools:

1. We must define a number for each non-vertical line that can be used to measure the steepness or slant of
the line. Once defined, this number will be called the slope of the line and is often referred to as the rate of
change.

Rate of change is terminology that will be used in later lessons. In this first exposure to slope, it is referred to as
steepness or slant of a line. In this lesson, students make observations about the steepness of a line. Further, students
give directions about how to get from one point on the line to another point on the line. This leads students to the
conclusion that the units in the directions have the same ratio. Students then compare ratios between graphs and
describe lines as steeper or flatter.

2. We must show that any two points on a non-vertical line can be used to find the slope of the line.

3. We must show that the line joining two points on a graph of a linear equation of the form y = mx + b has
the slope m.

4. We must show that there is only one line passing through a given point with a given slope.

These tools will be developed over the next few lessons. It is recommended that students are made aware of the four-
part plan to achieve the goal of proving that the graph of a linear equation in two variables is a line. These parts are
referenced in the next few lessons to help students make sense of the problem and persevere in solving it. In this
lesson, we will look specifically at what is meant by the terms steepness and slant by defining the slope of a line. This
lesson defines slope in the familiar context of unit rate; that is, slope is defined when the horizontal distance between
two points is fixed at one. Defining slope this way solidifies the understanding that the unit rate is the slope of a graph.
Further, students see that the number that describes slope is the distance between the y-coordinates leading to the
general slope formula. This approach to slope owes a debt to the 2013 MPDI notes of Prof. Hung Hsi-Wu. It appears
here with the professor's full permission.
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A STORY OF RATIOS Lesson 15 m 0

Classwork
Opening Exercise (8 minutes)

To develop a conceptual understanding of slope, have students complete the Opening Exercise where they make
informal observations about the steepness of lines. Model for students how to answer the questions with the first pair
of graphs. Then, have students work independently or in pairs to describe how to move from one point to another on a
line in terms of units up or down and units right or left. Students also compare the ratios of their descriptions and relate
the ratios to the steepness or flatness of the graph of the line.

Examine each pair of graphs and answer the questions that follow.

Opening Exercise

Graph A Graph B

a. Which graph is steeper?

It looks like Graph B is steeper.

b. Write directions that explain how to move from one point on the graph to the other for both Graph A and
Graph B.

For Graph A, move 2 units up and 3 units right. For Graph B, move 4 units up and 3 units right.

c. Write the directions from part (b) as ratios, and then compare the ratios. How does this relate to which graph
was steeper in part (a)?

2 4
<

5 5 Graph B was steeper and had the greater ratio.
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A STORY OF RATIOS Lesson 15 m 6

Pair 1:

Graph A Graph B

a. Which graph is steeper?

It looks like Graph A is steeper.

b. Write directions that explain how to move from one point on the graph to the other for both Graph A and
Graph B.

For Graph A, move 4 units up and 5 units right. For Graph B, move 1 unit up and 12 units right.

c. Write the directions from part (b) as ratios, and then compare the ratios. How does this relate to which graph
was steeper in part (a)?

4 1
: > 1z Graph A was steeper and had the greater ratio.

Pair 2:

Graph A Graph B

a. Which graph is steeper?

It looks like Graph A is steeper.

b. Write directions that explain how to move from one point on the graph to the other for both Graph A and
Graph B.

For Graph A, move 7 units up and 1 unit right. For Graph B, move 3 units up and 6 units right.

c. Write the directions from part (b) as ratios, and then compare the ratios. How does this relate to which graph
was steeper in part (a)?

7 3
>

I g Graph A was steeper and had the greater ratio.
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A STORY OF RATIOS Lesson 15 m 6

Pair 3:

Graph A Graph B

a. Which graph is steeper?

It looks like Graph B is steeper.

b. Write directions that explain how to move from one point on the graph to the other for both Graph A and
Graph B.

For Graph A, move 1 unit up and 5 units right. For Graph B, move 4 units up and 1 unit right.

c. Write the directions from part (b) as ratios, and then compare the ratios. How does this relate to which graph
was steeper in part (a)?

4
E < I Graph B was steeper and had the greater ratio.

Pair 4:

Graph A Graph B

a. Which graph is steeper?

They look about the same steepness.

b. Write directions that explain how to move from one point on the graph to the other for both Graph A and
Graph B.

For Graph A, move 4 units up and 4 units right. For Graph B, move 3 units up and 3 units right.

c. Write the directions from part (b) as ratios, and then compare the ratios. How does this relate to which graph
was steeper in part (a)?

5. The graphs have equal ratios, which may explain why they look like the same steepness.

EUREKA Lesson 15: The Slope of a Non-Vertical Line 202
MATH

© 2014 Common Core, Inc. All rights reserved. commoncore.org


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

A STORY OF RATIOS Lesson 15 m 6

Example 1 (2 minutes)

= Putting horizontal lines off to the side for a moment, there are two other types of non-vertical lines. There are
those that are left-to-right inclining, as in the graph of [;, and those that are left-to-right declining, as in the
graph of [,. Both shown below.

I X

L1

=  We want to use a number to describe the amount of steepness or slant that each line has. The definition
should be written in such a way that a horizontal line has a slope of 0, that is, no steepness and no slant.

=  We begin by stating that lines that are left-to-right inclining are said to have a positive slope, and lines that are
left-to-right declining are said to have negative slope. We will discuss this more in a moment.

Example 2 (5 minutes)

=  Now let’s look more closely at finding the number that will be the slope of a line. Suppose a non-vertical line [
is given in the coordinate plane. We let P be the point on line [ that goes through the origin.
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A STORY OF RATIOS Lesson 15 m 6

= Next, we locate a point Q, exactly one unit to the right of point P.

PQ|=1

=  Next, we draw a line, [;, through point Q that is parallel to the y-axis. The point of intersection of line [ and [;
will be named point R.

|PQ| =1
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A STORY OF RATIOS Lesson 15 m 6

= Then, the slope of line [ is the number, m, associated with the y-coordinate of point R.

h

QI =1

= The question remains, what is that number? Think of [; as a number line with point Q as zero, however many
units R is from Q is the number we are looking for, the slope m. Another way of thinking about this is through
our basic rigid motion translation. We know that translation preserves lengths of segments. If we translate
everything in the plane one unit to the left so that point Q maps onto the origin, then the segment QR will
coincide with the y-axis, and the y-coordinate of point R is the slope of the line.

If needed, students can use transparency to complete the exercises in this lesson. Consider tracing the graph of the line
and points P, Q, R onto a transparency. Demonstrate for students the translation along vector @ so that point Q is at
the origin. Make clear that the translation moves point R to the y-axis, which is why the y-coordinate of point

R(0,m) is the number that represents the slope of the line, m.

= Let’s look at an example with specific numbers. We have the same situation as just described. We have
translated everything in the plane one unit to the left so that point @ maps onto the origin, and the segment
@R coincides with the y-axis. What is the slope of this line?

3+
VR
1+
P Q
_T__ 0
14+
—a2t

o The slope of the line is 2, orm = 2.
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= This explains why the slope of lines that are left-to-right inclining are positive. When we consider the number
line, the point R is at positive 2; therefore, this line has a positive slope.

Example 3 (4 minutes)

= Suppose a non-vertical line is given in the coordinate plane. As before, we mark a point P on the line and go
one unit to the right of P and mark point Q.

|PQ| =1

= Then, we draw a line, [, through point Q that is parallel to the y-axis.

kL

[PQ| =1
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= We mark the intersection of lines [ and [; as point R. Again, recall that we consider the line [; to be a vertical
number line where point Q is at zero. Then the number associated with the y-coordinate of point R is the
slope of the line.

[PQ| =1

m

If needed, students can use transparency to complete the exercises in this lesson. Again, consider tracing the graph of
the line and points P, Q, R onto a transparency. Demonstrate for students the translation along vector ﬁ so that point
Q is at the origin. Make clear that the translation moves point R to the y-axis, which is why the y-coordinate of point
R(0,m) is the number that represents the slope of the line, m.

= Let’s look at this example with specific numbers. We have the same situation as just described. We have
translated everything in the plane one unit to the left so that point @ maps onto the origin, and the segment
Q@R coincides with the y-axis. What is the slope of this line?

_3 E'.

o The slope of the line is —3, orm = —3.
= This explains why the slope of lines that are left-to-right declining are negative. When we consider the number
line, the point R is at negative 3; therefore, this line has a negative slope.
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Example 4 (4 minutes)

Now we have a line [ that does not go through the origin of the graph.

Our process for finding slope changes only slightly. We will mark the point P at any location on the line L.
Other than that, the work remains the same.
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=  We will go one unit to the right of P and mark point Q, then draw a line through Q parallel to the y-axis. We
mark the intersection of lines [ and [, point R. Again, recall that we consider the line [; to be a vertical number
line where point Q is at zero. Then, the number associated with the y-coordinate of point R is the slope of the
line.

y Q L

/ Pl =1

= Just as before, we translate so that point Q maps onto the origin, and the segment QR coincides with the y-
axis.

If needed, students can use transparency to complete the exercises in this lesson. Again, consider tracing the graph of
the line and points P, Q, R onto a transparency. Demonstrate for students the translation so that point Q is at the origin
(along a vector from Q to the origin). Make clear that the translation moves point R to the y-axis, which is why the
y-coordinate of point R(0, m) is the number that represents the slope of the line, m.

=  What is the slope of this line?

T T T T
-2.5 0.5 1 1.5

o The slope of the line is 1.5, orm = 1.5.
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= In general, we describe slope as an integer or a fraction. Given that we know the y-coordinate of R is 1.5, how
can we express that number as a fraction?

o The slope of the line is S, orm = S

Exercises 1-6 (4 minutes)

Students complete Exercises 1-6 independently. The exercises are referenced in the discussion that follows.

Exercises
Use your transparency to find the slope of each line if needed.

1. What s the slope of this non-vertical line?

The slope of this line is 4, m = 4.

2.  What s the slope of this non-vertical line?

The slope of this line is 3, m = 3.
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3.  Which of the lines in Exercises 1 and 2 is steeper? Compare the slopes of each of the lines. Is there a relationship
between steepness and slope?

The graph in Exercise 1 seems steeper. The slo